THK QUANTUM Tin*OR\ 


THE 

QUANTUM THEORY 


m 

FRITZ REICHK 


THANHEATIO) BY H. H, IIATEtKUK inur>.. ANt> 

IIKNHY L. M.A. 


WftH l-il'TRliN 




MKTIIUKN & CO. LTD. 

36 ESSEX STKEKT WXl 
LONDON 





CONTENTS 



m 0^ 



rAtig 

L Tfii OitiaiK «r thi Hitwkewm * » * * a 

IL Tb® FAXL0».i Of OuTOCAr* HTATWtrr® . * . . IB 

riL Till DifSJW)fM»HT km mn RAmnoATioN« or tm 
Te«oRif 

IV. Th« BxtiHiiioa or THK or QtuifTA to tpi Mi>» 

i*iciu.An TriisofeY m Homo lUmm . . . , ai) 


V. Tim LHTiiOWoH or Qxsanta ihto tm: Ttmaiiv or (Uiirfi , m 

VI. Tim Qiunwm TiirAHiv tw Ttim OmrAt. hraimw. Tim Dr- 
vru>i‘M^NT «»r Tttr Quantum Ttmiojv roM 


DKoitr^ii or Vnmmm mi 

Vn. Tim QuAKtOM Timoitv tir HmrmA , , . IB!i 

Vin. PiiiKoi^KHA or *Moi.mfuii . . » . . U7 

IX. Tim X^uTtfitK iia 

MATimMATIfOAI. BoT«« AKO . lal 





THE QUANTUM THEORY 


INTRODUCTION 

T he old aaying that small mmm glya riin to gmat effbats 
has hem oonflrmocl mors than onas in fchs history of 
physios, For, very frequently, in 0 ons|iiouo«i diflfercnioes 
tween theory and experiment (whioh did not, howovtir, imoape 
the vigilant eye of the investigak^r) have tooomo starting’* 
points of new and important rcmaaroht«, 

Out of the welhknown Mwhdmm^Mmieif experiment, 
whioh, in spite of the applioation of thc!i most powerful 
mcithods of exaat opticml rmmsuremcint, failed to show an 
influoneo of the t'arth’s movement on the propagation of 
light as was predicted hy chwsiciU theory, thim arose the 
gremb Btruoture of Eimh'it&H Theory of lielativity. In tlw 
sama way the triiling diiTenmm^ between the meaHurtHl and 
caloulattKl values of hlackdmdy nwliation gave rise to Urn 
Quantum Tht^ory which, fonmdaknt by Wax I^Umek, was 
dcEtined to revolutionise in the coumn of time almoab all 
departments of physias. 

The cjuautum theory is yet oomparatively young, It i« 
therefore not surprising that we are oonfronkid with an 
unfinished theory still in prooess of developmonl which, 
changing constantly in many directions, rnuEt oftim dtmlroy 
what it has built up a short time litdare. Hut under such 
ciroumatanoi^s m thesis, in which the theory is oDntimmlly 
deriving new nourishnnuit from a fresh utream of icltm« and 
suggastions, there in a peculiar fasiiination in alkuftpitng to 
review the lifediifitory of the tpmntum thmn7 to the prenenl 
time and in discloatng the kernel which will certiytily out* 
last chang«-iB of form, 
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CHAPTER I 


The Origin of the Quantum Hypothesis 

g I. Black-Body Radiation and its Realisation in Practice 

T HB Quantum Theory first »w light in 1900. When, in 
the years immediately preoading {iB97-lB99), Itummtir 
and Prvngshem made their fundamental measuttmumta « of 
blaok-body radiation at the RekhmnstaH, they could have 
had no premonition that their oaroful experiments would 
become the starting-point of a revolution such as has seldom 
occurred in physios. 

In the field of heat radiation chief interest at that time was 
centred in the radiation of a black body (briefly oan«sI " Idaok- 
body" radiation), that is, of a body which absorbs oompletidy 
all radiation which falls on it and which thus refltHJts, trans- 
mits, and scatters* none. We may shortly oall to mind 
the following facts. It is known that any body at a given 
temperature sends out energy in the form of rwlialion into 
the surrounding space. This radiation is not energy in a 
single simple form but is made up of a numlrer of single 
radiations of different colours, i,e. of different wave-lengths X 
or of different frequencies* v. In other words, it forms in 
general a spectrum in which radiations of all frtiqnencicN 
he^em v - 0 and v oo sure reprinted, Further, these 
ra^ations are present In varying " intensities." We define 
tMs term thus. Oonsldat tihe radiation emitt^ from unit 
surface of the body per second in a oertsdn direotion ; break 
It up spectrally and cut out of the spectrum a small frequency 
interval dv such that it conWns aU frequencies between » and 
V + d.. The ener^ of radiation E, thus idioed out (namely. 

of the 6o% for thofreftme^ v) may be defini 
in me follo'wmg ^ 

m %rK4r , . , (1) 
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BI.ArK4IOI)Y RADIATION S 

provided that— as wo mhall aiwuino for the mko of simplioity 
—the surface of the hotly urnforiti and unpolarisetl 

radiation in all direotiotin. 

The magnitude thim tlefiniHl h cmlled the inUninity of 
radiation of the body for the fretjuimey i% It h in general a 
more or less compHoated funotiori of tho frtHjuenoy e, of the 
ahsolute tt'mperatura of the bo<ly 1\ and of the inhenutt 
properties of the body* The hlfw^k iKniy almu^ in unic|ue in 
this respect. For its radiation and fehttrefore its w, m 
(h Kirchfu^ff^ was the first to point out, de^|Huulent only 
on the fratpienoy and the abMolute Uunperature *1\ that in, 
mathematically, 

K. .... (2) 

This formula which gives the relation bi^tween the inttumity 
of radiation from a black iKKly, the lemperature, and the 
“colour’* is called the radiation formula or the law of nwlia* 
tion of a black body. 

To calculate this relationship on the one hand and to 
me^bsure it on the other were uriHolvffd problerim at that 
time. Unimpeaohahle meanurementH were of oourae posNibh^ 
only if one could imcceed in mmstrueting a black Iio«ly which 
approached suflloiently near iite theoretiaiU ideal. This iiii» 
portant step, the nnilisatimi of the black hcaly, was taken hy 
0, Ltmnwr and IF. Wkn^ on the hiwis of fiirehhii£f\n"^ 
latw of Cavity liadiation, w'hich states ; hi tm mdmurfi 
or a mvUy whirh u fiudmrd tm aU bp rrjlrHimj m%Un, 
axt&rmiUy imitevkdfrmh aj-rhanpimj hmii with iknurniimlmpn, 
mid emomied^ thr mndiikrm tpf ** Hark rmlkUmn ’* k aniup^ 
nmbkally Md up if ali ihr mUiiiHii and aHi^rbimj Mm of ihr 
walhorin the mwkmure are ai ihe Marne iemjmmknre. In a 
space, therefore, which is hermetiaally surround^ hy 
at the same temperature Tiind which is praveriti^ from im-' 
changing hemt with its surroundinp, every Imam of radialion 
ii identlofd in quality and inkmmty with that which would he 
emitted by a black tedy at the tempi^ralurti T. 

Lumnmr and Iheriiforts had only to mmatruct a 

uniformly heated encloiun! with blacken^ walls having a 
small opening. The radiation emitted from lhi« oteuilng wiii 
then “black” to an aiiproaimalion which was the ch»r 




the smaller the opening, that is, the less the eotnpletenees of 
the enolosnre was disturbea. The manner in whioh the 
intensity Ku of the blaok radiation thus realised deptmtled 
on the frequency v and the temperature T had next to >0 
determined. The above-montiom^ investigation of Imnmer 
and P‘>'in(jsh6vm was devoted to this purpose. 

§ a. The Stefiw-Boltzmann Law of Radiation and Wien's 
Displacement Law 

While experimental research was prooeeding on its way, 
theory was not idle, for valuable pioneer work was being 
done inasmuch as two fundamental laws wore set tip. In 
the first plaoe, L. SoUzmniM^ proved, with the help of 
thermodynamics, the law previously enunoiatwl by Ste/an,^ 
that the sum-total of the radiation from a black liody, 

taking all the frequencies together, namely, Ihw quantity 

{ 00 

is proporiiional to the fourth power of Hi iihsoluto 

temperature : 

2r«y,r^(y- DOMt.) . V . (3) 

The laws proposed by Wien entered more deeply into the 
question. Wien imagines the blaok radiation anolorf in a 
closed space with a perfectly reflecting piston %n one waU» 
and then supposes the radiation to be oompresMid adiabatloally^ 
as in the case of gases (that is, no passage of heat to or from 
the cavity is allowed during the prooesa)* by infinitely alow 
movements of the piston. Now, if we express the change 
which this process causes in the energy of a deflntki colour 
interval dv in two ways, and if we take into oontldoration 
that the waves reflected at the piston undergo a change of 
colour according to DoppWs principle, w© siiooasd In limiting 
very considerably the unknown functional dependence of the 
quantity K,. on v and T. Thera is thus obtained a re- 
lation of the form 


in wMoh c is the vdooity of light m woiio, function F 
being left undetermined. iVom this, Wm'# Displa^mcnt 
Law, the conclusion may be drawn tibat ^ frequency 





s 


WIKN*S LAW OF RADIATION 

vmMi for which (plotted a fuuatiou of 0 ii a maximuiu 
is displaced towardu higher values proportional to T m the 
tumpemtura inareasae : 

ruvfu ooimfe, . T . . . (4o) 

If, a@ is usual in physical meaHurtnnmife, we use the^ wave- 

luugth ^ ^ iiistoiwl of tho fra|U('iioy m tht* vitihtlilt*, fr<V«V 

Law a88um«M a sornowhat difftinnit. form. For if wo ooimidor 
tho radiatit oiicrgy of a narrow mngo of wavo-longth dk out - 
roBiJOuding to tho freciuonoy ningo ilv, and wrilo it in tho 

form E^dK, thotj Ej,dk « KJv, that is; it’* « Kr . f , In 

place of (4) and (4rt) we than got tha ralatioim : 

- f< "U) ■ ■ • ('■> 

ktm% • T, const. » S . . . {5<i) 

I s. Wkn’i Law of Eadiatiott 

To formulate tho law of radiation it was therofurc ti«cos« 
sary only to ovaluatt^ tho unknown function F in (4) or (A)* 
But this was jimt tho oontml point of tho whole question, 
and the most tliirumlt part of tlui prohltnti. 

Here, too, ITirn made the first siicaossful attack. On the 
basis of not entirely unahjoatiunahlo mlculation»i which wore 
founded on MaxwHl^u law of distribution of velooititm among 
gas moboulos, he arrived at the following siaiaialimtd form 
of the function Fi 

F m a . constants)* 

Thus the law of radiation (4) asimrnes the form 

K- - tt ^3 . e'*r , . . , (0| 

which ia culled IFfert'# I.iftw of Radiation. 

How far dW exp«srlmcnt confirm these theoretical riwulta? 
While tho Ste/an-JSdlMmam laiw and l>MpIacBttt<>nl 

Law were confirmed to a largo oxksnt by the obaervaliorts of 
Lumnm and Prinyshnm^* both ox(Htriwent<<i« found IFfro's 



Law of Eadiation ooufirmad only for high froijuouoiw, that iu, 
for short wave-lengths (more preolsely, for krgu values of 

and detected, on the other hand, ity$t 0 mti(k diserepumex 

for small frequencies, that is, for totuj tenrr-frMj/f /»».'* They 

maintained with unswerving pei-siakuioe that these diwsrepan- 
oies were real in spite of objeotions from authoritative tjuartei's. 
For while F. PascMn » iuuiginwl that h« had proveri liy hi* 
work that TTierr’* fjaw of Itadiation wak universaHy valid, 
ilfaa! Planck, in his detailtd thtjory of irreversible prowwses 
of radiation, 18 hod arrived again at riwliAtion formula 

by a more rigorous method. Skrting from Kirchluijf' s I«aw 
of Cavity Eadiation, according to which the presenots of any 
emitting or radiating suktanoo whatsotjver iu a uniformly 
heated enclosure produces and onsurw the maintenarioe of 
the condition of black-body radiation, I'lawk ohowi as the 
simplest sohematio model of sneh a sttlssUnoo a system 
of linear eleotromagnetio oscillators, and investigated the 
equilibrium of the radiation set up isttwotm them anti the 
radiation of the enclosure. This is to te understotsl a* fol- 
lows ; Bach of the Platwk oscillators™ a* such we tJiay, for 
example, assume bound electrons capable of viluulion— -pos- 
sesses a fixed natural frequency sand responds, on account 
of its weak damping, only to those waves of the radiation in 
the enclosure whose frequencies lie in the immediate neigh- 
bourhood of V, while all other waves jiass over it wnthoul 
effect. The oscillator thus acts selectively, as a nisonator, in 
just the same way as a tuning-fork of deftniUi pitch ootn- 
menoes to sound only when its own *' proper" tone, or one 
very near it, is contained in the volume of sound which strikes 
it. In this process of resonance, however, the oaoillalor ex- 
changes energy with the radiation inasmuch as, on the one 
hand, it acts as a resonator in abstracting energy from the 
external radiation, and, on the other, it acts as an oscillator 
and radiates energy by its own vibration. Hence a dynamic 
equilibrium is set up between the millator and the ra^ation 
of the enclosure, and, indeed, between just those waves of 
the radiation which have the frequency v. In this state of 
equilibrium the radiation of frequency v acquire an intensity 
Kv which, according to Kwchhoffs Law, u equal to the mtemity 
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THE QUANTUM HYPimiliSlS 

of blaok-body mduUkm cU ihk temperature, Si^oondiy* tlm 
energy U of the o«oiUator passim in the oouriu^ ot imw through 
Eill poBsible valutm, tho ineau value t! of whioh in founci to 
be proportional to the inUmnity K*., a nmult whioh Hoeum iua« 
mediately plaumblu ninoe th«i exoitatiou of tb^ oaeillator will 
1)0 greater the more intenmi the radiation that falk on it. 
The exact mUoulation of thin relationship Imtwmni K^jmdU 
on the bjwiH of olanniaal ekiotrodytiamion dhia in the ilvnl 
part of Plamkk cirleulatioun^ leadn to the fundamental 
formula: 

a; - ^ . , . . (7) 

In the ieeond part Pkuwk ^ tbUirmimid (I, although hy a 
method that m not free from ambiguity, m a funotion of r and 
T on the bask of the second law of thermmlynainioa. He 
obtained 

l7 «« , * . * {H| 

The oombination of (7) and (H) given us Law of Itailia- 

tiou (0), 

The Quantum Hypofchem Planck'i Law of Radiation 

Lummfir and Prifujdteim^ however, refused to surrinuler, 
fn a fresh inveHtigation hi lUOD they showetl that in the 
region of long waves radiation formula undoubtedly did 

md agree with the nmultn of ohmn*vatian. Ah a result of thin, 
Plarmk^ in an important paper ^ whioh muHt \m regarded tm 
marking the ereation of the quantum thefory, deoldiitl to 
motlify hin method of dedtuung the law of rmliation, naiiuily, 
hy altering the expreSHiou (H) which gives the mc*an energy 
of the oscillator, hut whioh in not unirjm^ He promieded mn 
follows,^ In order to distribute the whole availahki energy 
among the osaillators, he imagittiid thk energy dtvWidl into 
a dkorote number of finite '*olernent« of ener^** (rfirrg^ 
qiumta) of magnitude «, and iupposcMl these energy quaiiia 
to bo diitribukil at random among the individual aaodlateiH 
oiaotly m a given numlmr of Imlli, nay 6, may Imi distributed 
among a oortain number of boxes, iay 3, Each iuoh tlistri-* 
bution (of S balk among 3 boxes) may obviously im earriisl 



out in a number of different ways, whereby, however, we are 
not concerned with which parliculaT balls lie in which jutr^ 
tioular boxes, but with the number contaiiuHl in each.^ Now 
since each such ** distribution ” oormsponds to a definite state 
of the system, it follows from what has just btaui said lhat 
each condition may be realised in a numbn* of different 
ways, that is, each condition is aharticterbed by a ciertein 
number of possibilities of realisation. This munlMU' k oalbd 
by Planoh the thermodynamic probability \V of the condition 
in question. For it is obvious that the proliability of a con- 
dition or state is the greater, i.e. it will occur the mom fre- 
quently, the greater the number of ways in which it may 
be realised. By means of the usual formulin of pt^rmuia- 
tions and combinations, of which the latter alone mum into 
consideration here, it was possible to oalaulala the probdiility 
of any given distribution of the elements of energy among 
the oscillators, and thus also the probability of a gi^en 
energetic condition of the system of oicillatora m a fu«C“ 
tion of the mean energy U of an oioillator and of the energy 
quantum. Now, B. Boltzmann^ hm given an exirentely 
fertile rule, which connects the probability of slate W of a 
system with its entropy 5, a magnitude which, m k well 
known, plays a similar r61e in the second law of thermodyna- 
mics to that played by energy in the ’first. Thus 8 wa« ole 
tained as a function of tf and c. It now, on the other hand, 
one applied the second law itself, which exprnwii the 
tropy S as a function of the mean energy U and the ab»oluki 
temperature T, the foUowing result was obtained by this cir- 
cuitous process : the entropy, as an auxiliary magnitude, mm 
eliminated, and a relation between &, T, awl c was gained. 
TMs fundamental result, first obtained by Plamk b m 
follows : — 

0* « — {h being a constant) * , (fi) 

6i^ ^ 1 

But from (7) and WMs Displacement Iiaw (4) it tellowg 
that for the mean energy ^ of an osdillator, a r^tionAip of 
the following form exists ; — 

. . . ( 10 ) 
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THE QUANTUM HYTOTIU^IS 

A comparison of (9) and (10) shews that tl asiuinw thn 
form required by (10) only when « issefc proporfciotial to the 
frequency. This is an asstmfeial point of Pkm*k*» Theory : if 
we are to remain in atjreefunU with Wieu*« Dkpiummmi Lmvt 
the energif element c mmt tw ^et equal la hv 

€ he , . , . ( 1 1 ) 

The oonstaut h, which, on account of its dimensions (energy 
X time), is called PlanQk'u Quanlum of Aaikm, has pkytHl, 
as we shall sea, a r6la of undreamed-of iinportanoe in the 
further development o! the cjuantum theory. 

By combining tha formula (7), (9), and (il) the renowmd 
radiation law of Planch follows at onoa 



1 

I 


im 


wliioh Plathck first deduced in the year 1900 in the manner 
above described, that is, by the hypothesis of tmargy t|Uanta. 
In the same j#ar as well as in thei fallowing year this f#aw of 
Radiation was confirmed very satisfactorily by IL Huimm and 
F. KufUnmm for long waves, and by h\ Pa$chen^ for short 
wav('s. The later measuromeuits of mdiation emitted by 
black bodies,®® particularly the exact work oarrUnl out by hL 
Warburg and his collabomtors at th«^ Heiohsanstalt, have aba 
demonstrated tlm validity of PlancFn formula. In oppositiou 
to this, IK Nermt and Th. Wulf^^ as the result of a critioal 
review of the whole experimental material available up to that 
date, have rc‘ 0 ently shown the existence of deviations (up to 
7 per cant) between the measured and thei caloulattid valm^H 
according to Plamk*& formula, and hance feel themiclves 
constrained to deoide against the i^xaot validity of IHamk'» 
formula. Whatever view is taken of this oriticbm, it 1« at any 
rate a powerful incentive to take up anew the measuramotit 
of the radiation emitted by black Imlies with all the finoaati 
and precautions of modern experimental science, and thereby 
to decide finally the important queitlon whether Phmk'i 
Law is exactly valid or not. 

For short wavedarigths, Le. high fret|ueno!es (mora exactly, 
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for high values of 


hv\ 

kT)' 


Planck's fortiiula asauuwa th« form 


K. 


ky^ 

n-J 


tr 


(13) 


and thus pasaos over into Wien's I^iiw (of, foriiiuhi (G), 
which, as wo havo seen, wan confiruuHl hy tixpoiinitint for 
these fre<iuenoio8). lu iho other Uiuiting oiibo, i.e. for long 

waves, low frequencies (moru oxiwtly for sinall values of 

Planck's formula assumes the form 


K. 



• (14) 


as is easily found by developing the exponential funolion 

hv 

efil as a series. This limiting law, which haa Iwen oonflrnu'd 
in the region of long wave-lengths, hiwl Inwii given pre- 
viously by Lord Baykigh.^ Plttmk's formula thus contains 
Wien’s Law and Baykiyh's fjaw as limiting casus. 

If we use the wave-length X instead of the frccjuonoy y, 
Planck’s Law takes the form 




'¥ 


e*st 




To make this clear, the intensity of radiation A'* is plotknl 
in Pig. 1 as a function of X for various valin-a of T. Thu 
curves which exhibit as a function of y Itave a (juilo 
similar appearance. The maximum of the A'* curves lius at 


the point at which j^^/phas the value 4*9681. 


It follows that 

Xmw . T m « 0*042 K 10» . - 8 . (10) 

a relation, which is IdeaOoal In form with Ifiwi's Displaoo- 
me3at Law (6a). 

Foy ttie total radiation w© got from (li) or (16) 

K “ . T* - y • i** . (17) 


i 
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an equaUow whiah givas «xj»it5«Hion to feh^ 

Law^^ (3), 

Prom (13) and (I7j w- rtHsogidtiti ihali Urn (*«) 

of thn tigiil radiation (A") and (/*) of itn^ 
i \VHV«-» length off ihn niaxiinntii at 

a ItKtHl known tniiijHnmttutn itIhnvH tin to 
nabuliitn thn two oofwtaniH h and i' of ilin 
nwl ia tion fo rin ii lii.^ F rout A*ii rl /m u 
ini'aHurmnnnlH of fchii Hh/au-lkdlsfutinn 
y, wltbh worn a^ailalilo at that 
iinnn and front Ihn m>n«latit I of IVkn'u 
OiHplaatnnintfc Law (utoaaun^l liy Aiiwwrr 
and Primj^lrntn) Plamk^ tomid %\m toh 
lowing valwas : 

h « fi‘S48 K 10 * mm.] 

& - l-84fi , 10"‘«| I . (IH) 

(lorn^ponding to tho varying valisi’^ 
whiolt havii Immt fouttd itt tno of 

tinio for tho aonatattlH y and tho valuo^^ 
of h and k havo iindorgutto nhiutgtm wliiidt 
aro ntii worth whiln 
roourding horo. 
t'or parfciaularly 
^ iitr'iwuroinoni of 
thn total ratliation 
•■— an wo «Hi fnnn 
tho Btrongly varying vahnm givint in notn 15 haa nett j-oi 
rnaohial a Hufliainnt dtigrnn of onrtaiiity, to allow a vrry lui” 
oumto oidaulation of tho two radiation oonatanti h attd k to ho 
haaod on thn tii^/afhlkdistmmn oon?4l*nt. Mothodw whioh 
allow h to Im dotortuituHl with utulouhltally muah groator 
aoouraoy will Im doaaribid laior. 



Pin. L 


I s. of Pla»«k'i Th§my 

Tbo docluation of tho radiation forninla and tho dotoriiiitm* 
tlon of ite oDiiitanto did not, hownviir, oihaual iho Muoooaiio^ 
of Phfmk*$ now thnory ; on thii oontrary, intiiorliint rolatiun- 
ihlpi of thin thoory to olhor dojmriiit^nto of phy^^iii^ b^oiiino 
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immediately revealed. For it was found m that the constant i 
k of the radiation formula is nothing other than the quotient 
of the absolute gas constant B (which appears in the equa- ' 
tion of state of an ideal gas) and the so-called Awgadro 
number N, i.e, the number of molecules in a grammolecule. 

4-1 .... ( 19 ) 

!■ 

As the value of E is sufficiently accurately known from I 
thermodynamics 

(il-8.31xl0'[g]-l-98g;]), J 

Blanch, by making use of the radiation measurements, was | 
able to calculate the value of N, By using (18) he found ■ 

N = 6-175 X 1023 . , . (20) t ■ 

The agreement of this value with the values deduced by 
quite different methods is very striking.36 Avogadro's Law | 

forms the bridge to the electron theory. For it is known | 

that the electric charge which travels in electrolysis with J 

1 gramme-ion, that is, with N-iom, is a fundamental con- l 

stant of nature, which is called the Faraday. Its value was, | 

according to the position of measurements at that time, | 

9658 . 3 . 10^3 electrostatic units (the value nowadays ac- ^ 

ceptedsT^ is 9649*4 . 2*999 . 10^^). If now each monovalent- 
ion carries the charge e of the electron, the equation | 

- 9658 . 3 , 1013 . . . (21) f 

must hold. From this, by using (20), we get 

e = 4*69 X 10“i3 electrostatic units , (22) f 

The value of the electron charge thus calculated by Planck 
from the theory of radiation differs only by about 2 per cent 
from the latest and most exact measurements of B. A. 
Millikan who found the value 

e = 4-774 . 10 “ 13 electrostatic units. . (23) 

A truly astonishing result. 


CHAPTEB II 

The Failure of Classical Statistics 
§ I. The Equipartition Law and Rayleigh’s Law of Radiation 

I F these great successes had justified faith in FlancVs 
Theory, it was also soon recognised — as had already been 
emphasised by Planck in his first papers — that the central 
point of the theory lay in the Quantum Hypothesis, i.e. in the 
novel and repulsive conception, that the energy of the oscilla- 
tors of natural period v was not a continuously variable 
magnitude, but always an integral multiple of the element of 
energy, that is c = hv. The recognition of the necessity of 
this hypothesis has forced itself upon us more and more in the 
course of time, and has become established, more especially 
through indirect evidence, inasmuch as every attempt to work 
with the classical theory has led logically to a false law of 
radiation. For when Planck turned the radiation problem 
into a problem of probability — for a definite amount of energy 
was to be divided among the oscillators according to chance, 
and the mean value U of the energy of an oscillator was to 
be calculated — it became possible to apply the methods of 
the statistical mechanics founded by Clerk Max\vell, L. 
Boltzmann^ and Willard Gibbs. And the application of these 
methods to the case in question appeared to be demanded 
from the start, if the standpoint, self-evident in classical 
physics, that the energy of the oscillator could assume in 
continuous sequence all values between 0 and oo were 
adopted. What, then, did statistical mechanics require? 
One of its chief laws is the law of the equipartition of kinetic 
energy, 3® according to which in a state of statistical equilibrium 
at absolute temperature T every degree of freedom of a mechan- 
ical system^ however complicated ^ possesses the mean kinetic 
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energy ihT, In this expression the constant h is defined by 
(19), and is thus the same constant as that which appears 
in the Law of Eadiation. A system of / degrees of freedom, 
therefore, possesses at a temperature T a mean kinetic energy 
f.^kT, For example, the atom of a monatomic gas is a 
configuration which possesses three degrees of freedom, if we 
regard it from the point of view of mechanics as a mass- 
point. Its kinetic energy at the temperature T has therefore 
a mean value ^kT, independent of its mass, a result which 
has been known in the kinetic theory of gases since the time 
of Maxwell, and which is deduced as a consequence of his 
law of distribution of velocities. 

Planch’s linear oscillator, which is essentially identical 
with an electron vibrating in a straight line, possesses one 
degree of freedom ; its kinetic energy at the temperature T 
has therefore the mean value ^kT. Now the mean potential 
energy of the oscillator is equal to its mean kinetic energy 
As a result, its mean total energy (kinetic plus potential) has 
the value 

U=>kT . . . . (24) 

This result of classical statistics, when combined with the 
relation (7) deduced from classical electrodynamics, gives 
BayleigJvs Law of Eadiation 

K. = . . . . (25) 

which, as we saw (cf. (14)), is contained in Planch's Law of 
Eadiation as a limiting case for small values of ^ that is, 

for long waves or high temperatures. 

This Law of Eadiation of Bayleigh which, deduced as it 
is from the fundamental principles of classical statistics and 
electrodynamics, should be able to claim general validity for 
ail frequencies and all temperatures, stands none the less in 
faring contradiction to observation, For while all observed 
curv^ of tofribufon of energy of a black body (i.e. K. plotted 
as a fonoMon of v, T being constant) always show a maximum ^ 
the curve expressed by (25) rises without limit for rising 
values of v, a^d th^efore gives for the sum K = 2 T KJv an 
infiMMy large value. 


FRUITLESS A^rrEMPTS AT IMPROVEMENT IS 
|a« Fruitlesi Attempt at Imj^crrtmtnt 
From very diffareni t|uartari and in tha moBl variinl \%%ym 
afcfeemptg were mada, m tima want on, to anoapa trcnn 
RayUigKu Law without digoattJing alaHnitml Htatintiml 
raaohanios* All in vain, Thua J, IL JmmP' without 
making uaa of a “matarial ” onoillator, oon«itlar<al only tha 
radiation a$ mtch in an cmoloaura, and cliatrihukMl tho wiudo 
ohergy of radiation luioording to thei Imw of Ktjuiiiartition 
over fche^ intlividual ‘^degroei of fremlom of radiation (whiah 
are hero the individual vibratiorm that are {amnihle in an en* 
olosure). Further, IL A. hmmts^ drduoed in a {Huu^mting 
invoatigafeion the thermal radiation of the melalii, alartirig from 
the oonoaption that the free ** oonduotion ebolroni/* whieh 
carry th© currant, produce tha radiation by their ooUiakina 
with tho atoms, and applying the L*w of hkjtiiparlilion ki 
th© motion of those electmoi, The problem was altaokttl 
in a somawhftt different fashion by A. Minnkin and L. 

They imagined the Plamk oscillator firmly attimhml to a 
rrmlaoulo, and tht^n cotisidered this complex exposed to tht* 
nuliation and the impacts of othe^r molecules. The Imw* of 
Ikdiafeion could then he deduced from the comlition that the 
irnpuleo, which the impacts of the molecules give to thecrme 
plr^x, must not on the average he changtHl by the impuhii«s, 
which the radiation givtm to tiu^ OHcitlatar. We may 
mention a paper of A* />. Fi^kkn^^ which %va« sujiplemenlril 
by M. hi this, by ihn aid of a gcuunal law tine to 

MimkiHj^ the Htatistical iH|uiUhriunt Iw'tween the nuiktiou 
anti a large number of OHeilhitora witii t♦xamirnHl on the basiH 
of the classiaal theories. All thenit dilTerent ways ended, 
however, at the mnie laiint; thty^ all led to Law. 

And finally, at the Btdvay (‘origrem in flrussids in Hit I, 
IL A* lAtrmk^'^ Hhovved, in the mosi general nianner 
imaginahle, that we arrive id necesHsly at this wrong law, 
if wo assume the validity of flmmlkm'M Princijile and of 
the Principle of {‘k|uipartition for the tolalily of the {dn^no- 
mima (of mechaniiml and electromagnetto imiure] which 
take place in an enclosure containing mdiitlion, mailer, ami 
ebetroni. Only in the limiting mnm of high tiunpmturea or 
small frcquancles do Ibe results of Ihn claakml Iheoiy agrue 
with the multo of observation.^ 


CHAPTBE III 


The Development and the Ramifications of the 
Quantum Theory 

§ I. The Absorption and Emission of Quanta 

A S stated above, the conviction was bound to establish. 

itself that every attempt to deduce the laws of radiation 
on the basis of classical statistics and electrodynamics was 
doomed from the outset to failure, and it was necessary to 
introduce a hitherto unknown discontinuity into the theory. 
It was, of course, clear that this “ atomising of energy '' would 
conflict sharply with existing and apparently well-founded 
theories. For if the energy of the Planck oscillator was only 
to amount to integral multiples of c = hvj and therefore was 
only to be able to have the values 0, c, 2c, Se . . . then, since 
the oscillator only changes its energy by emission and ab- 
sorption, the conclusion was inevitable that oscillators cannot 
absorb and emit amounts of energy of any magnitude but only 
whole multiples of c. {Quantum emission and quctnt'n/m 
absorption.) This conclusion is in absolute contradiction to 
classical electrodynamics. For, according to the electron 
^eory, an electromagnetic oscillator, for instance a vibrat- 
ing dectron, emits and absorbs in a field of radiation perfectly 
continuously, that is to say, in sufaciently short times it emits 
or absorbs indefinitely small amounts of energy. 

1 2 . Emstein’s Light^quanta ; Phenomena of Fluctuation in a Field 
of Radiation 

Thus at the very entrance into the new country there 
yawned € plf, which had either, in view of the previous 
success of the classical theory, to be bridged over by a oom- 
piOimse; or, failing this, tradition would have to be discarded 
aad the gap would be relentlessly enlarged. Pinstein felt him- 
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KINSl'KI K*S LUil ITA^VA NT A 

golf oouipBlkul to tifcko i\m lattor ladioiU On iho hmm 

of very original oongitlomtionH,^® ho not u|i fcht» hyjmthriiiH ihiii 
the ontTgy cjuanta not only playtnl t% part, m VLifwk hoUl, in 
tho iikamofeion hi^iwvn mdiation anti niattiir {ro^natniH or 
OHoillatora), hut that radiation, when pmjmjakd ihnaHjh a 
%)(uumm or anp medium^ iHhsseiLm a qmmtumMk^ $irmiurf 
{rjt(jhtaimiUum hinkiihrm). Aucorclingly, all nuiiation 
to conmBfc of indivmihh^ ** nuUation quanta ; whon onrrgy 
in huiug propagakHl from oxtsiting mutiro, it m not tlivhliHl 
ovonly in thn form of aphi‘ritHU wavo» ovor rvorononmmiig 
volumaB of gpaoa, but riHnainii aonoaiitmtiHl in a linito niiriikn 
of energy oomplestes, whiah move lika nmk^rial i4rimturr*4. 
and mil only \m amitUnl and al»orbad m whole intlivitluak, 
Eimtiin teliavod himwdf formid lo Ihin ittmnga 
vvhieh brrMvka with all ihn obti^rmtioiiH that appmr U% 
Hupport fcha luidulatory fchwry, by »ttViinU 
all of which lad to tho mmo oonchiiioiu Ha wan per- 
Huadad to thm view by the roiult of aiUcHilatioiw d«*aUiiM 
with certain phenomena of ttuatuation, phenortuma whiah 
are familiar to m in BtatiBtioB and partiaularly in llio kinrtia 
theory of gasen, U lu well known that in a gan which 
contains n moleculeH in a volume i?„, th*' npaiial iliBtnlmlmn 
of tlume mol{U!uh‘H in far from tuniHiant, hiung Hubjiait to van 
atiun on iuuK)Unt of th(« nugitm of the niMlreule^. hitleed, to 
principle, t'Klnune aiwctH are pciHHihle aa UeU, ftir example, in 
which all n mob culeB are aolh?eteil at a given moment in a 
fractional part rf< i\,) of the volinm\ 7*he prohaiiility td 
thin rare oouHtellation m known to be 

«-«Q‘ .... {ur.} 

an extnmnlinaiily Hmall numku^ whtm n i-« great ; that hi lo 
say, the ev«ml in ^pieHtion (Kmura extremelv rarely. 

Now, tlm spatial density of the radiation wniU^ml within a 
volume pQ IB subject to rpiito iiimlagou?i variatitiiw. If E m 
the totefl energy of the ratliaiton (iiipiicHed io Im ituimmhrti' 
nmtlo) and if its fnitpienoy f k so gn^at, or H« kmiimmium 
so low, that Law of Ikdialion lioUk Cor it, then the 

probability that the whole radiation cjemipien ihe paillal 
volume e(< t%) h, according to » 

2 




THE QUANTUM THEORY 


10 


- © 


E 

\hv 


... (27) 

A comparison with (26) shows that the radiation, within 
the limits of validity of Wien’s Law, behaves as if it were made 

~ hv) complexes of energy, each of mag- 

nitude hv. 

Two other investigations 8i of Einstein led to the same 
conclusion. In the first, a very large volume filled with 
black-body radiation is considered, which communicates with 
a small volume v. If E is the momentary energy of the 
ramation of frequency v in the volume v, this energy varies, 
M is known, irregularly with the time about a mean value 
E , the magnitude e = E - E ia called the fluctuation of the 
energy. Now, the general theory of statistics leads to the 
following value “ for the mean square, that is, for ?, 


*2 = kT^ 


dE 

It 


(28) 


K we replace E by the value obtained from Planch’s Law of 
iiadiation, we obtain for the mean square of fluctuation an 
expression with two term8,88 in which only one term can be 
c c ated on the basis of the classical undulatory theory ; 
the second, which greatly exceeds the first in magnitude 
when the density of radiant energy is low (that is, at high 
frequencies or at low temperatures, in short, when Wien’s 
be understood when we again picture 
the radiation as composed of indivisible energy-quanta. 

ihe sewnd of Einstein’s two investigations, to which we 
referred above, deals with the fluctuations of impulse which 
a fr^ly movable reflecting plate is subjected to in a field of 
b^*body radiation on account of the irregular fluctuations 

Wows of gas-molecules, under the' 

mtiut >10 ° - 1 ^ ^ u Brownian movements, there 

^^be ^uihbnum between the impulses which the mole- 

Ste on the other, im- 

|wfe_ the pbte. If, now, we assume Planch's Law to hold 

non, &ete again follows for the mean square of 
m nnpulse due to the radiation an expression 


TRANSFORMATION OF LIGHT-QUANTA 19 

ia two terms, only one of which is explained hy the un- 
dulatory theory of light. The other term points to a 
quantum-like structure of the radiation, and this suggests the 
introduction of the light-quantum hypothesis. 

§ 3. Transformation of Light-quanta into other Light-quanta or 
Electronic Energy 

However strange this hypothesis appeared, it was not to be 
denied that it was capable of explaining simply and naturally 
a number of phenomena which completely baffled the un- 
dulatory theory. A very striking example of this is afforded 
by the laws of phosphorescence, investigated by P. Leoiard 
and his co-workers, and especially by Stokes' Law. For if 
vp is the frequency of the phosphorescent light emitted, 
and ve the frequency of the light exciting phosphorescence, 
then, according to Binsteins conception, 84 one quantum hve 
of the exciting radiation is changed through absorption by 
the atom of the phosphorescent substance into one quantum 
hvp of the light of phosphorescence. According to the prin- 
ciple of energy, we must have hve^hvp^ i.e. ve>vp. And 
this is Stokes' Law, 

Further, another fact \in the realm of phosphorescence 
phenomena speaks against the undulation hypothesis and in 
favour of that of light-quanta. According to the classical 
undulatory theory, all molecules of a phosphorescent body 
on which a light-wave impinges, should absorb energy from 
the wave, and thus all simultaneously become able to emit 
phosphorescent light. In reality, relatively only very few 
molecules are excited to phosphorescence at the same time, 
and only gradually, in the course of time, does the number of 
molecules excited increase. It would thus appear as if the 
light-wave falling on the phosphorescent body has not equal 
intensity along its whole front — as the classical theory 
assumes — but rather as if it consists of single energy-com- 
plexes thrown out by the source of light, so that the wave-point 
possesses, as it were, a beady ” structure, in which active 
portions (light-quanta) alternate with inactive gaps. 

This conception of the “ beady wave-front had played a 
part before the advent of Einstein's hypothesis of light -quanta. 
/. J. Thomson-^ had tried to make use of it to explain the 


facfc that, when a gas is ionised by nltra-violet light or Eontgen 
rays, only a relatively extremely small number of gas-mole- 
cules are ionised. This is a phenomenon which is quite 
analogous to the above-named phenomenon of phosphor- 
escence ; for these, too, according to Lenar d!s view, the exci- 
tation consists in the disjunction, through the agency of .the 
radiation, of electrons from the molecules of the phosphor- 
escent body, and these electrons attach themselves to storage 
atoms.” On the return of these electrons to the parent i 
molecules, energy is set free and sent out as phosphorescent i 
light. The ionisation of gases by ultra-violet light or Eont- 
gen rays 86 is also capable of being explained naturally by the 
light-quantum hypothesis. If we suppose with Einsteiny 
that one light-quantum hv is used ;up in ionising one mole- 
cule, then hv > /, where J is the work required to ionise | 
one molecule, that is to say, to remove an electron from it. 

We have under consideration here a phenomenon which be- 
longs to the great branch of photo-eleetric phenomena i.e. 
the liberation of electrons from gases, metals, and other sub- j 

stances by the action of light. According to the hypothesis j 

of light-quanta, in all these processes light-quanta are changed 1 

into kinetic energy of the electrons hurled off from the body. j 

If we again adopt Einstein's standpoint, according to which j 

one light-quantum hv is transformed into the kinetic energy j 

of one projected electron, we must have the following re- J 

lation 68 for the energy of emission of the emitted electrons, ^ 

each having a mass m : 

_ p ^ ^ ^ ^ ^29) 


This is called Einstein's Law of the Photo-electric Effect. In 
this, P is the work that has to be done to tear the electron 
away from the atom, and to project it from the point at 
which it is tom from the atom up to the point at which it 
leaves the surface of the body. For the energy of the emitted 
electrons we thus obtain a linear increase with the periodicity 
of the light which releases them. This law, which many in- 
vestigators have attempted to prove, with varying success, 
has recently been verified by P. ^1. Millikan for the normal 
photo-electric effect 6® of the metals Na and Li with such a 
we can actually use this method for 
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the exact determination of h. The value found by Millikan, 
h = 6-67 X 10 is in good agreement with' the value 
h « 6*548 X 10-^7 found by Planch from radiation measure- 
tnents. 

In an entirely similar manner as was used for the 
J>henomena of phosphorescence, the phenomena of finer cs- 
Gence in the regions of the Bontgen and visible radiations may 
t>e explained by the hypothesis of light-quanta. The in- 
vestigations of Oh. Barhla, Sadler, M. de Broglie^ and 
S. Wagner have shown the following : if a body is inun- 
dated with Bontgen rays, and if the absorption of these rays by 
the body is measured whilst the hardness (i.e. the frequency 
^e) of the rays is varied, the absorption, as we pass from 
lower to higher ve, suddenly increases to a high value for a 
Oertain value of ve> At the same moment the body begins, 
the expense of the energy absorbed, to emit a secondary 
J^d 7 itgen radiation characteristic of the body itself in the form 
of a line spectrum. It further appears that all lines emitted 
have a lower v than that of the exciting radiation. As a 
Oaatter of fact, the hypothesis of light-quanta requires that the 
i'adiation-quantum hv of all rays emitted as secondary radia- 
tion should be smaller than the quantum hv of the primary 
oxciting rays. For example, the region of frequencies which 
serves to excite the '' A’-series'* stretches from a sharply 
defined limit vj^ (the so called '' edge of the absorption band ”) 
wards towards higher frequencies; whereby is some- 
what larger than the hardest known line (y) of the A!^-series. 
In other words, the excitation of secondary Bontgen radiation 
primary Bontgen rays also obeys Stokes' Law. 

§ 4.. The Transformation of Electronic Energy into Light-quanta 

It is very significant, that the transformation of light- 
g[\ia*nta into kinetic energy of electrons is also, as it were, 
* ireversible/* that is, the opposite process also occurs in 
aaitiire, by which light-quanta result from the kinetic energy 
:>f charged particles. A good example of processes of this 
cind is afforded by the generation of Bontgen rays by the 
mpact of quickly-moving electrons (cathode rays) on matter. 
Cf , say, the characteristic iT-series of a certain element is to 


be generated by the impact of cathode rays upon an anti- 
cathode formed of the said element, then the kinetic energy 
E of an impinging electron must exceed a critical value 
For if we imagine E changed into a light-quantum hve, then 
ve must fall within the region of excitation of the ^-series, and 
must thus be ^ being the frequency of the edge of the 

absorption band). It follows that E ^ Ej^. From this 

there follows an important relation between the frequency 
of the edge of the absorption band and the critical value Ek 
of the electronic energy, i.e. the smallest value of the energy 
at which the electron is just able to generate the required 
secondary radiation. This quantum-relation Ejc = hv^ has 
proved quite correct according to measurements carried out 
by D, L. Webster 62 and E. Wagner , and conversely presents, 
when Ej^ and are sufficiently accurately known, a method 
for the determination of h.^ 

Now, it is known that the cathode rays, on striking the 
anti- cathode, do not merely excite the characteristic Eontgen 
radiation, that is a line spectrum, but excite a continuous 
spectrum as well, the so-called “ impulse radiation ” {Brertis- 
sPrahlung), If we therefore select any frequency v of this 
continuous spectrum, the ideas of the hypothesis of light- 
quanta immediately suggest the conclusion that a definite 
minimum energy E^ of the impinging electrons is necessary 
to excite this frequency v, and that we must have E^^^ = hv. 
The investigations of D. L. Webster, W. Duane and D, 
Hunt^, A, W. Hull and M, Bicefi^E. Wagner, F. Dessawr 
and E. Back^ have confirmed these formulae with the 
greatest accuracy, and thus form the foundation of one of 
fee most trustworthy methods for the precise measurement 
of the magnitude h. The following values were obtained r 
k « 6^50 X 10 "27 gyuane^-Humt) ^ /i « 6*53 x 10-27 (Webster) ; 
% » 6*49 X 10 -27 (Wagner), 

W© also meet wife similar phenomena in the visible and 
i^^ffiouring r^ons of the spectrum. Thus /. Franck 
MerU^ showed that the impact of electrons upon 
MTOiry ya|K>ur molecules can be used to excite a definite 
iaor^cence fine of mercury of wave-length 
i*- r, * vm . 10«), if the kinetic energy of the 
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electron exceeds a certain critical value In this con- 
nexion they found that the relation Uq == hv^ was again 
fulfilled with great accuracy We shall return to these 
experiments and others connected with them later, since they 
play an important part in confirming the most recent model 
of the atom. 

§ 5. Other Applications of the Hypothesis of Light-quanta 

In a considerable number of other cases, which shall only 
be noticed shortly at this point, the hypothesis of light-quanta 
has proved of value, especially in the hands of J. SiarJc and 
Einstein. Thus Stark has made use of this hypothesis to 
interpret the fact that the canal-ray particles emit their 
kinetic radiation only when their speed exceeds a certain 
value. He has also propounded general laws for the position 
of band-spectra of chemical compounds by arguing on the basis 
of the hypothesis of light-quanta.’^s Finally, Einstein w and 
Stark ™ have considered photo-chemical reactions from the 
standpoint of the hypothesis of light-quanta and have enun- 
ciated a fundamental law, which has been verified, at least 
partially, by the detailed investigations of E. Warburg. 

§6. Planck’s Second Theory 

In spite of all the successes which the quantum hypothesis 
of light is able to show, we must not leave out of consideration 
that this radical view, at least in its existing form, is very 
difficult to bring into agreement with the classical undulatory 
theory. Since on the one hand the phenomena of interference 
and diffraction, in all their observed minutiae, are excellently 
described by the wave-theory, but offer almost insuperable 
difficulties to the quantum theory of light, it is easy to under- 
stand that few scientists could make up their minds to ap- 
prove of such a far-reaching change in the old and well-tested 
conception , of the propagation of light, a change that entailed 
perhaps its complete abandonment. This more cautious and 
conservative standpoint was taken up by M. Planck, who 
retains it to this day, inasmuch as he preferred to locate the 
quantum property in matter (the oscillators) — or at least to 
confine it to the process of interaction between matter and 
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radiation — while endeavouring to retain the classical wave- 
theory for the propagation of radiation in space. None the 
less, serious hindrances had already intruded, themselves in 
the development of his first quantum hypothesis (quantum 
emission and quantum absorption). For SC, A. Lorentz'^'i 
pointed out quite rightly that the conception, especially of 
quantum absorption, leads to peculiar difficulties. He showed 
that the time which an oscillator requires for the absorption 
of a quantum of energy turns out to belong to an improbable 
degree when the external field of radiation is sufficiently weak. 
Moreover, it would be possible to interrupt the radiation at 
will before the oscillator had absorbed a whole quantum. As 
a result of these objections Planch determined to modify the 
quantum hypothesis as follows.^s Absorption proceeds con- 
tinuously and according to the laws of classical electrodynamics : 
i he energy of the oscillators is therefore continuo^isly variable^ and 
can asstme any vakie between 0 and co . On the other handy 
emission occurs in quanta^ and the oscillator can emit only 
tohen its energy amounts to jhtst a whole multiple of e ^ hv. 
Whether it then emits or not is determined by a law of prob- 
ability, Btct if it does emit, then it loses its whole momentary 
energy y and therefore emits qiLanta, Beiioeen hoo emissions its 
energy -content groios by absoriMon continuously and in pro- 
2 )ortion to the time. 

According to this second theory of Planchy which is called 
the theory of quantum emission, the mean energy Cf of a 

linear oscillator is ^ greater than in the first theory .^9 While 

in the former case the mean energy of the oscillator at abso- 
lute zero was equal to zero (see equation (9) from which, 
when jP = 0, U = 0), in the case of this second theory it is 

equal to The oscillators retain therefore at the zero- 


point a zero-point energy of value 


hv 

¥ 


as a mean, inasmuch 


as they assume, when !P == 0, all possible energies between 
0 and hv. Nevertheless, this theory also, when the relation 
(7) is correspondingly modified, leads to Planck's Law of 
Radiation. 

In the course of time Planch has made several further 
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aittntipN^ to tniliirgi^ iiml snmlify Ibin ihrciry U'hk Intr 

t^xainplis hi' hail lf‘*in|icirariiy lo hti 

aantirumuii, and thi’ «|imiiltiisi tdriiH’itii t« lh«^ 

tinn of iht' o^oillalorH liy inoltHnilar or oirotroido iinparta. Hr 
han, howi^Vf^r, rrjM^ifelrdly rr-iiirnrd in lo Mrmnd 

form of hill thoory (tionliuiiauH lilwiirption, ijtimsiiiiii t*iiiifiaicini, 
1 7 . Ztm 

In mori' Itniri ono dirrolion* ihi^i Ihrory hii*^ Inid fiirlhm 
rnHulM. Tho of ih#' ii«^rfV|ioinl ntiorny. 

whioh h i^^oidiar to llii^ twotnl lh«»ory of lM^.ii,iiitso 

ihn alarllnii’iminl of a of iwrarohoii, iu \%hioh norlahi 

phy^iol-^N* Koinic beyond IHuntk, inmiuhtml Iho onblr'tioo of 
a Irm (iiol r 4 im-|«ciiiil otii'rgy orjUat for all otioillaiorii. 

On Ihii Eimkin and Cl havo givrn m ih^Umlion 

of Pkimk*M Haw whbh avcdti^ all di^ronlinitiiio^ti olhor limn 
thn oxbImiCMi of ihia i^norgy. 

In Iho yimr l9Hh Yrriiiiw took n ulill inorr nidkml iili'p in 
pMtnbling Iho imbtinioo of a ** p^rO'|»oinl mdialion** whbh 
wai %\m to \m prtwoni al thir almihilt' Piro of l*ntt|'n^raliirr! 
and wail to mUi indnpond»^nllv «d html radialiotn filling lln^ 
w^holn of and ^ninh that iho ir4r4lblor?i, an wrll mn all 

moltttndar i^lruoltirr*i, ilontrirlvr^ in ri!|uilihrinin %¥iih il hy 
taking up iho j^nnl rnrrgy. Kvrn if wn regard thinir* 
VinWM morn or aooptioally, onr lldng minnol b’ ignciitat : 
many bota nndonhlrffly «iup|iiorl tin- roiiorplion llml al iho 
ahtioUik' mn'n hy tm nn^atoi all motion ha?i oinpna!. Wo nnrd 
only draw iiliimiion lo iho fa.c?t, lhai, norording in Iho vioW' of 
p\ /IbiWiff,** I\ and aoomtitfig to llio oijM^imrnlH 

of Eimimn, ir. J. rb H^ms^ and E, Ham- and lha 

magnnibm am prOtinood hy roialing t4iiolirin'?i and Itsal llda 
magnoliitn romaiioi in oibltisiOM down In lh«'? liiw*^«l lofii|wra- 

f E Tkwf 0I Iki Qaaal'ttm ^ Arii^ 

In yi4 ftiiolhor rr^ii'TOl ha-n I%imk*s llimiry prnvi^d Blimn - 
kiirig, in viritio of a tjtf^tdal foritiisbtbn wdiioh t%imk ga%'o 
al Iho Sohmy in tlnmiiob dtirifig tPII. For 

hnro Ptamk grnfi^ mpmmkm tor llio firti lirio* lo llio iihti^ 
ihal Iho ajijiramiiitn of rinpruynitianlft U only 14 ftrrondary 
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matter, being only the consequence of a deeper and more 
general law. This law, which is to be regarded as the pre- 
cursor. of the latest development of the doctrine of quanta, 
may be formulated as follows : Suppose the momentary state 
of a Planch oscillator, say a linearly vibrating electron, to be 
defined according to Gibb's method by its displacement q from 
its position of rest and by its imjmlse or momentum p, and 
suppose it to be represented in a q-p plane (the state- or 
phase-plane). Every point of the q-p plane, that is, every 
phase-pointf corresponds to a definite momentary condition of 
the oscillator. The postulate is then made that not all points 
of this plane of states are equivalent. On the contrary ^ there 



are certain states of the oscillator which are distinguished by 
a pectdiarity. The totality of the phase-points that cor- 
x'espond to these peculiar states form a family of discrete 
curves which surround one another. In the case of the 
Planch oscillator these curves are concentric ellipses (see 
Fig. 2) which divide the phase-plane into ring-like strips. 
The postulate of the quantum theory now consists in this, 
that these ring strips all possess the same area h. If we 
calculate on this basis the energy possessed by an oscillator 
in one of these unique states, we find so that it is a whole 
multiple of hv. These special states (represented in the 
phase-plane by the points of the discrete ellipses) are, there- 
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£8 THE QUANTUM THEORY 

This formulation of the quantum hypothesis is^ as it were, 
an expression of the well-known fact that large amounts of 
energy are absorbed or given up in short times, whereas small 
amounts are absorbed or emitted in longer times by the 
molecules, so that on the whole the product of the energy 
transferred and the duration of the time of exchange is a 
constant. In fact, fast cathode rays, for example, are stopped 
by matter in a shorter time — and therefore generate harder 
Rontgen rays — ^than slow cathode rays. Sommerfeld has 
applied his theory successfully to the mechanism of the 
generation of Rontgen rays and y-rays.s<^ Sommerfeld and 
P. Debye have worked out on the same basis a theory of 
the photo-electric effect, which, like the hypothesis of light- 
quanta, also leads to Einstein' ^ Law (29). 



where E is the absolute gas-consfcanfe. It follows that the 
atomic heat of the body at constant volume becomes : 

= ^ = 3B = 6'94 . . (32) 

This is the law of Dulong and Petit according to which 
the atomic heat ( at constant volume ) of monatomic solid bodies 

has the value 5‘94 independently of the tem 2 Jerature.^ 

This law is actually obeyed by many elements more or less 
closely. 9"^ On the other hand, dements have long been known 
which are far from following this rule, and which show 
systematic* differences, especially at low temperatures. 

Thus, as early as the year 1875, F. H, Weber found that 

the atomic heat of diamond at - 50^^ C. is about 0*75 


cal. 

d^‘ 


The 


atomic heats of other elements as well (boron, beryllium, 
silicon) have also been shown to be much too ’ small at 
ordinary temperatures. And altogether it appeared that the 
defect from Dulong and Petit* $ normal value occurs quite 
generally at low temperatures, and becomes the more pro- 
nounced, the lower the temperature. The classical theory 
offered no solution of these low values of the atomic heat.®® 


§ 2. Einstein’s Theory of Atomic Heats 

Einstein was the first to recognise that in this case, too, 
the quantum theory was destined to solve the difficulty. 
Precisely as in the theory of radiation, the method of 
classical statistics leads of necessity to a wrong law in the 
field of atomic heats. Hencey here alsOy loe must abandon 
the law of the equipartition of energy. In fact, we need only 
imagine electric charges distributed among the atoms and 
then we see that, exactly like the Planch oscillators, they must 
set themselves in equilibrium with the heat-radiation which 
is always present in the body. This means, however, that 

the relation (7), according to which CT « ^ K,., must be set 

up between the mean energy U of an atom vibrating linearly 
with frequency V, and the intensity of radiation If we 
now take Planches radiation formula (12) as empirically 




given, it follows immediately that the mean energy U oi the 
linearly vibrating atom must possess, not the value hT given 
by classical statistics, but the value given by the quantum 

theory, namely, U = atom which vibrates 

— 1 

in space we get, therefore — by an obvious generalisation — in 

place of the classical value SkT, the quantum value : 

- 1 . 



Fig. 3. 


The heat- content of the gramme- atom will therefore be 
^ BNhv 


from which we get for the atomic heat at constant volume 
Einstein's formula 


p QT? CG^e^ -I hv fQA\ 

= where » = ^ • (34) 

According to thiSj the atomic heat of monatomic solid bodies 
is not a constant which is independent qf the tem/peratv^re^ as 

Didong and Petit*s Law requires ^ hut is a function of ^ and 




'is therefo7'e in the case of a definite body (i.e. with v fixed) 
a fuTiction of the temperature. Its form is such (see Fig. 3), 
that for T = 0 (i.e. aj = oo ) the atomic heat itself is 
zero, and then increases gradually with increasing tem- 
perature, approaching asymptotically at high temperatures 
(i.e.^ with small x) the classical value SB. D^dong and 
Petit s Law is therefore only true in the limit for small 

values is, for low frequencies of atomic vibration, 

or high temperatures, exactly as is the case with BayleigKs 
Law of Radiation. The departures from Dulong and Petit's 
Law, in passing from high to low temperatures, become marked 
the sooner the greater the frequency of the atoms. 

§3. Methods of Determining the Frequency 

This frequency v — the only unknown magnitude in Einstein's 
formula (34) — may be determined by several independent and 
very noteworthy methods. One way that is always possible 
is of course the following : For a given substance we choose 
an experimentally well-known value of the atomic heat 0'^ 
which corresponds to a definite temperature T*. From (34) 

it follows then that an equation from which 

^ ~ icT* determined, and thence v. From the v thus 

found the course of the whole curve can be calculated for 
all temperatures, and compared with experiment. 

Besides this empirical ** method of determining v, there 
are a number of other more theoretical’ ’ methods which 
do not require the use of the values of the atomic heat. 

as far back as 1911, discovered an important 
connection between the frequency v and the elastic properties 
of the body. That such a connexion must exist is easily 
recognised from the following considerations : imagine the 
atoms of the body arranged upon a space-lattice, as in a 
crystal, and suppose a certain definite atom arbitrarily dis- 
turbed from its podtion of rest, then this atom, when released, 
will execute vibrations about its position of equilibrium If 
w;e suppose these vibrations to be simply periodic (f* mono- 
chromatic ”)~^e shall, however, soon recognise that this 
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supposition is an irnuimin^ihlt^ approxitniilion - %w ihml 
the frequency v is the f^reaier tlu-» nfiimlltn* itie 
and therefore also the iU-urnie wrli^ht of Iht^ k-^ty, nmt i|pi 
greater on the other hiuul ihr< whioh iImi 

atom to its positioti of equililirluitK Thl^ frim^ t^K 

however, for its part strongf^r, ih«» iiimI 

therefore ODriiprt'Bsihle thr» hmiy b, Ilnum^ r lorn «*iii 
the greater, the Brtiallor tht^ aknnia weight miil iIip roioprr'ti- 
sibility of the auhstanae. Tlie exaot %varkiftg mil of Ihi^ 
led j^imtdn to the formula 


ji? 


2 H. UF 


mn} 


Where A is the fttornia weight, ft iHp dptwity, Aud « ith«* 
oomproasibility of tiui i»ody. 

A further interestiug ndation, whioh ooiiiitoIh *. with Ihw - 
mal data, namely, the mt'lting«i»oint, wa*i found by i‘\ ,1, 
Lindemann^^ by working out thnoonoeption that the arnpli 
tudo of vibration of the atom at the tiielling-jfoint is c*f thn 
order of magnitude of the diHUtioi'K ln'tween the atotuM. ff 
Ts is the absolute mtilting-iioiMt, then it fatluwe that 


wLil 

e - a-H. lois. ’'j, . . . {mi) 

Another formula tleduowl l»y K, ChMwmn t« may alei> l«» 
given hero : 

e- 291 . . . (a?) 

Hero C„ is the atomio heat at eormtant volmiie, and « la tlit» 
oooffioiont of thermal eisjaitmion ; thn index 0 ttu*an»( that the 
value of at absolute aero is to be used. 

Prom formula) (30) and (36) w« reoognisu at onow th« 
abnoraal behaviour of diamond, for exampIn, in to its 

atomio heat. For it is known that diamond has a bigli meft* 
ing-point and very low oompressihility aeeompaniwi by a bw 
atomio weight. Its v is thnrt'fore oomparalivety tai^, and 
it follows therefore, aooording to tho abova (Kwtsidaratlofia, 
that its atomio heat falls below J}ultmg and P§iU*» mlae of 

8JS « 6’ 94 at oomparatively high tempeattum In faet 

3 


the atomic heat of diamond at 284 aim, Je { 

413° abs. it is 3*64 at 1169" al 

dog. 

the value 5*24 

deg. 

Finally, particular importanou attaohim tc 
discovered by E, Madekmg arid IF. iSutfw\ 
the frequency v of tho atoiuH and the O’ 
of bodies. The two inveatigatorB Hlarttnl ir 
the following oonooption : Cry a tala of diatc 
(binary salts), such as rook-^Balt (NaCl), 
potassium bromide (KBr), and others, an 
cubical space-lattices, in which tho aingln atoi 
charges, and therefore appear m ions. In fa 
the space-lattice are oooupiod altarnafeoly bj 
charged Na+ (or atoms, and the nagi^tiv 
(or Br-) atoms. If an electro magnetic light- we 
V falls upon this crystal, the two ions are thn 
oscillations relatively to one another, and furtl 
of resonance/' the more strongly, the more 
quency v of the impinging wave agrees with t 
quency which lies in the infm-rad, of the k 
Since the ionic vibrations are sat up at the ooi 
of the impinging wave, this energy will ha 
sorbed) the more during its passage through 
nearer v lies to v^. On the other hand, the 
radiate back waves of frequency y since they 
to execute these vibrations, whan aefc into for 
doing so the more strongly, the more pronounc 
anoe is, again, therefore, tho nearer y lies to 
region of maximum absorption and strongest 
flection will lie in the neighbourhood of y 
regions of metallic reflection of a given subat 
detected by the method of “ Eeststrahlen ** (c 
worked out by H, Bubens and M. F. Nkfwk. 
purpose we only require to reflect radiation of a 
range of frequency about v repeatedly from tl 
In this way all waves will be gradually absorbed 
moat strongly reflected. These are, however, ; 


frequency i/,- They are thus ^‘residual/’ The ultra-red fre- 
quency vr of the ions therefore agrees with the frequency of 
the residual rays.^o On the other hand, this vibration of tho 
charged atoms is dependent on the elastic properties of tho 
substance, as we recognised in considering the formula (35). 
We thus conclude that the elastic '' frequency of the atoms 
of binary salts agrees to a close approximation with tho 
“ optical” frequency of their residual rays. But since tho 
'' elastic frequency of the atoms determines the behaviour 
of their atomic heat, the ring is thereby closed, and W, 
Nernst was thus justified in propounding the fundamental 
law, that in calculating the atomic heat of binary salts^ toe 
may simply insert for the atomic frequencies v the frequencies 
of the residual rays. 

In this way a number of independent ways were opened 
up for determining the atomic frequencies required for tho 
calculation of the atomic heat. A comparison of the various 
values of v determined by these different methods shows in 
general satisfactory agreement, at any rate in order of magni- 
tude.^i^ One could hardly expect more, as we shall soon see, 
in view of the many idealised conditions that were used in 
the theory. 

§4, Nemst’s Heat Theorem 

With a view to discovering experimentally the general law 
for the decrease of the atomic heat when approaching low tem- 
peratures IT, 113 began in 1910, in co-operation with 

his research students, a series of masterly and widely planned 
researches. For, by an entirely different route from Einstein 
—namely, by way of thermodynamics — he also had become 
convinced that the atomic heat of solid bodies must become 
vanishingly small on approaching absolute zero. In his 
opinion this result was only one of several consequences of a 
general principle, namely, a new law of heat.m This Heat 
Theorem of Nernst — often called the Third Law of Thermo- 
dynamics — states, in its original form, the following fact : If 
we regard a system of condensed (i.e, liquid or solid) bodies, 
which passes at temperature T by means of an isothermal 
reaction from one state to another, and if A is the maximum 
work which can be gained from this reaction, then 
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(38) 


2H) 


M 

dT 


= 0 for the limit T = 0 


that is to say, in the immediate neighhonrhood of ah sokole zew, 
the maximum work tohick can he gained is independent of the 
Ziperature. But it follows immediately from this, if wo 
apply the two laws of thermodynamics.”* that foi i«iy 
re^tion which changes the system from the initial condition 
with energy Uj to the final condition with energy jj, 
relation holds that 


^ ^ ^2 for the limit T == 0 , . (30) 

dT dT 


Now, since if we take a gramme-atom of the substance, 
dJ. 

gives the atomic heat, we are led to enunciato the following 
rule: w the immedicite neighbourhood of absolute zero^ the 
atomic heat of condensed systems remains tonchanged durhuj 
any transformation. 

Planch has given Nernsfs Theorem a still more gonoral 
form : Not only the difference of the atomic heats (before and 
after the reaction) is to assume the value 0 at absokote zerOy but 
also each atomic heat itself is to do the same. Thus it follows 
from the extended Nernst Theorem, in agreement with tho 
demands of the quantum theory, that the atomic heats of 
sdid bodies disappear at absolute zero. 


I $. The Improvement on Einstein’s Theory of Atomic Heats 

The experiments of Nernst and his collaborators proved 
quite convincingly that the atomic heat of all solid bodies 
tends towards a zero value as the temperature falls. In 
the main, the courses of these decreasing values showed a 
nobble agreement with Einstein's formula (34). At low 
lamj^ratnres, however, systematic discrepancies were found 
in aH oasos, in the sense that the observed atomic heats foil 
off much more slowly than Einstein's formula demanded. 

W. Nm^nst and P. 4, Emdemann^is tried to take these din- 
crepanm^ into account by constructing an empirical formula, 
and this actually expressed the observations much more 
tiian did the Eimtein formula. This Nernst-' 


Lmieniiuin foruuilsi, wliirJt in now cuilv of hintwieid inirit-it 
ie as follows : 
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lb roooivttH a iiii'aitiiiji! if wo Hiipjiunt' llint oiit< half uf all iho 
atoms vihmUt with llu' frft|Ui»noy »•. Ihi’ otlutr fnilf with tho 

froquunoy ^ . Whilo tliis nuppatiilititi in tsnli-.’^imblo iii ihis 

raw forin» it ootUairni a korju4 of tntUt, iiiundy. rrtmgiiilioii 
of tlm fact that iho itionwhmissitlic ** ihiHiry of afcnoiu 
heats, which aHHiiutrs mily a lko«t frc»i|tiinicy v Cor all 

atotijH, too far, btniig an ub^alisaiiini of the nml aiaic of 
atlaira, who at tiriii. ftir l\w sake of piiiiiplicsily, 

reckanotl with only one fn‘qy«iiay, ha«l hinmclf alrciicl) 
recognisctl how inaitorH i^ianh and drawn allotitioii ki the 
need for ann^ndiug bin theoryd*® Kowatlays, in fact, we think 
of a solid body, nay a crystal, m built up «if aUuti^ regularly 
arranged upon a Hpacf^datiiue, iiccarding to llmmm* concep^ 
tion ; and this hypolhesiH has Innm verified ipi a certainty 
througli Laaen diaiuivery of th«^ iiitiudtntnjce of Hottigen myn, 
In such a munjdicaled iiiechankml ayMleiu, htnvever, the 
ninglo atoinH do not vibrate independenlly of one another 
with a single fmjuency v. lint the {a:mitian of equihhriutn 
ot each atom, and thert4»y the typt^ of its oacillatirmH alimit 
that j)OBition, m deterndiml rather by the formw which all the 
otluu' afcorrm of the iHsly upon the atom in qm^^ation. 

We arc oonfronkal with a r4ructure which i« comparahle to 
the onc-dimenHional ca«e of a vthmting string, and whicli 
thus posm^'SHes a vvholt^ H{.mctrum of nalural fitsiueticliii, 
oDrrtmpotulitig to the overtones of Ibn string. If body 
oonsisfes of N atoms, it poiiimioii in pimiml UN naluml 
frcujiienaioH.w of which the alowi«l arc muid waves, while 
the^ t|uioke^st fall in the infra-n^L The mm% fincmi possible 
irioverncut of each atotii then coniiili In a iupr^positbn 
of all thasa natural fn^jmindoi. Now, iinct nach natural 
frequenoy raprcsmiti a linimr, ha. iimpli ptriodb, moliotn 
i^actly like lha motion of a Fk$r^* 
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SjasMt*' ;7“““ « "Tried o™, 3 „ „ ' 

K'r”,^ whole 

to T we Obtam the atomic heat ^ with respect , 
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Th«v Atomic Heats 

!' calculating the 

body the position ofitsnatu^l5‘‘* f’ ‘determining 

the theory has been worhed 

the one hand by P. Debye, m who took In i T""* 

as an approximation to the actual .elastic continuum 

body, and on the other bv M Ttn^f ®'*‘l®ically constructed 

replaced the crystal of liLhti'^l” 1“*^ who 

mensions. The difference between thi' 

appioxunation causes the main nr-rNUi I'Wo methods of 

out of the elastic spectrum to ba the working- 

the two oases. The Tebve\hmrf^^u- differently hi 

leaves out of oonsiderati4 the L?!? °’ff''et 

atomic, structure of the bodv i-aot and even the 

of elasticity, which, of course troL?'h°;i*'^° classical theory 

continua. Erom it follows ‘ structureless 

f of all those natural perio(E^t°W* ' *ff® riumber 





DEBYE’S THEORY" OF ATOMIC HEA I'S 


Z (i/)dv 


Here F is the volume of the body, anti o am the veloo.t».H 
with which longitudinal and transverse waves renpeotivdy. 
are propagated within the body. . this case, however tint 
following difficulty occurs in replacing le *0 Ji w uo i m 
reality consists of N atoms, by a continuum, natmay, the 
elastic spectrum extends to infinity, that is, the number of 
natural frequencies becomes infinitely gmit- 1' or example, 
the number of natural frequencies tfOne and 

over-tones) of a linear string of length Jj are 


Vi = Ci . A and Vi = c/ • respectively (i « 1, 2, . . . x» ) 

according as to whether we are considering tmiiivorac or 
longitudinal frequencies. The series of OVortoncB thcireforo 
extends without limit to infinity. In reality, however, m thu 
body consists of N atoms (mass-points), it may not posHcaw 
more than 3^^" natural frequencies. In order to attain thin, 
Debye helps himself out by means of the following bold 
supposition. Instead of calculating strictly the clantio 8poo» 
trum of the real body consisting of N atorns, ho roplacoa it by 
that of the continuum as an approximation, biU bmikB U off 
arbitrarily at the SNth naUcral period, Debye thus gct« tlm 
greatest frequency vw which occurs, that is, the upper limit 
of the elastic spectrum, from the condition ; 


therefore 


0 It 

\h 


Vm = 


9jsr 


4^Vf~ -h~) 


(44) 


The atomic heat of the body, which, follows from (42), ii 


hv Y 
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a result which can easily be brought into the following more 
simple form : 124 


)(e" - ip* 


where 


The atomic heat is therefore only a function of the magnitude 
Xni, that is, it depends only on the ratio ^ : here ^ 

This result may be expressed in Debye's terms thus : reckon’- 
ing the temperaUire T as a multiple of a temperature ® tohich 
is characteristic of the particular body, then the atomic heat is 
represented for all monatomic bodies by the same ciorve. Hence 
we must be able to bring the Gv curves of all monatomic 
bodies into coincidence, if only the scale of temperature be 
suitably chosen for each substance .^28 j^or high tempera- 
tures, the Debye formula passes over, as it must do, into the 
classical value of Dulong and Petit^ == 3jK,126 just as do 
the Einstein and Nernst-Lindemann formulae. On the other 
hand, it differs from these latter in falling much more slowly 
at low temperatures. For while the atomic heats, according 
to both Einstein and Nernst-Lindemann^ fall exponentially 

, 1 CQnat \ 

witn j at low temperatures, Debye's formula leads 

to the fundamental law, ^27 that the atomic heats of all bodies at 
low temperatures are proportional to the third poioer of the 
absolute temperature. 

It is further remarkable, that we may write formula (44) 
for the maximum natural frequency in a form such that only 
measurable magnitudes occur in it. For if we express the two 
velocities of sound Ct and ci in terms of the elastic constants of 
the body, and replace the volume F of the gramme-atom by 

the quotient it follows that»=»s 

= 5-28 ■ 10 ^ ■ f((r} , 


where 
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In it K is again the compressibility of the body, cr the 
Poisson ratio, that is, the ratio of the transverse contraction 
to the extension. The similarity of this formula with the 
Binstein relation (35) strikes one immediately. But in this 
case the second elastic constant of the isotropic body, <t, 
enters into the equation as well. Altogether, the upper limit 
of the elastic spectrum, at which, as one can show,i29 the 
natural frequencies always crowd together closely, plays in 
the stricter theory an analogous r6le to that played by the 
single natural frequency v in the monochromatic ” theory. 

Comparison with experiment shows that the Debye 
formula, at any rate for the monatomic elements such as 
aluminium, copper, silver, lead, mercury, zinc, diamond, de- 
scribes the course of values of the measured atomic heats 
very accurately. Particularly at low temperatures, the pro- 
portionality between the atomic heat and the third power of 
the absolute temperature receives fair confirmation In 
view of the fact that the idealised view (replacement of the 
actually atomic body by a continuum) is carried very far, we 
must not regard the agreement between theory an(i experi- 
ment as self-evident. At low temperatures, Debye's idealis- 
ation will justify itself. Por then ^ is large, and hence the 

icJ. 

amount of energy - is small, excepting when v itself as- 
- 1 

sumes small values. At low temperatures^ therefore^ only long 
loaves toill contribute sensibly to the energy of a body, and hence 
to its atomic heat. For long waves, however, that is, for 
waves, the length of which is great compared with the dis- 
tance between the atoms, the specific atomistic construction of 
the body plays no part ; for them the substance is almost a 
continuum. The position is quite different at high tempera- 
tures, at which the longer frequencies up to the maximum 
(that is, the shorter waves down to the smallest) furnish con- 
tributions of energy. For the waves which correspond to the 
highest frequencies possess lengths, as can easily be shown, laa 
which are comparable with the distances between the atoms, 
and for these shorter waves the medium cannot fail to betray 
its atomic structure. Here, therefore, its replacement by a 
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continuum becomes questionable since the approximation is 
only very rough. 

§7 The Lattice Theory of Atomic Heats according to Born and 
ibrmin. The Elastic Spectrum of the most general Crystal 

At this point the above-mentioned investigations of JSorn 
and Kdrmdn intervene, which, going beyond Bebije, take 
account of the real crystalline structure of the body, that is 
to say, the space-lattice arrangement of the atoms. In order 
to overcome the great mathematical difficulties involved, they 
imagined, as has already been said, the actual limited crystal 
replaced by one extended indefinitely. Thus the disturbing 
effect of the surface on the interior could be eliminated, so 
that now all atoms were exposed to the same conditions. 
Here also the main problem is again to determine the elastic 
spectrum, or — if we dispense with the exact calculation of 
the proper frequencies — at least to discover the law, accord- 
ing to which the proper (or natural) frequencies are distributed 
among the different regions of frequency. This problem was 
first solved by Born and Kdrmcin for regular crystals. The 
laws thus obtained were then extended to the case of simple 
point-lattices of arbitrary symmetry, and finally, Born de- 
duced them, in his “Dynamics of the Crystal Lattice,” for 
the most general form of space-lattice.ts^ 

These most general space-lattices arise from the periodic 
repetition in space of a definite group of atoms and electrons 
(basic group) which on the whole is electrically neutral, and 
is enclosed in a parallelepiped of space, the “ elementary 
parallelepiped.” In Eig. 4 such a lattice, in this case, how- 
ever, plane, is illustrated, in which the basic group consists 
of three particles ( • o x ). All • particles form together a 
simple lattice, as do the o and x particles. We have in this 
way three interlocked simple lattices. 

Thus, for example, the halogen compounds of the alkalies 
(NaCl, LiCl, KCl, KBr, KI, EbCl, EbBr, Ebl, and so forth) 
form cubic space-lattices, in which the lattice points are 
alternately occupied by the positive alkali ion and the negative 
halogen ion (see Eig. 5). If we regard the whole cube here 
pictured as the “ elementary cube,” then the basic group would 
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contain eight particles, namely, four ions of each soi^ (they are 
numbered here). We have thus eight interpenetrating simple 
lattices. Every four of them would, however, consist of the 
same kind of particle. Hence it is advisable to select in this 
case in place of the cube the rhombohedron (double-lined in 


the figure) as the elementary parallelepiped. Then the basic 
group consists only of the two different particles 1 and 8, of 
"which the one lies in a corner, the other in the middle of the 
parallelepiped. In fact we can get the whole lattice by displac- 
ing the basic group in the direction of the three rhombohedral 
edges, a distance equal, to a whole multiple of the length of 
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frequencies with periodicities V 2 vg . . . The first three 
frequencies Vy, Vg correspond to those natural frequencies 
of the crystal, by which the single interpenetrating simple 
lattices are similarly distorted to a first approximation with- 
out being compelled to move relatively to one another. 
These are the three ordinary acoustic natural periods (one 
longitudinal, two transverse). The remaining 3(s - 1) 
frequencies, on the other hand, correspond to another type 
of motion of the crystal, namely, to those natural frequencies 
with which the single simple lattices oscillate with respect to 
one another without distortion. If the basic group contains 
only one particle (s == 1), i.e. if the crystal consists of only a 
simple lattice, this second type of motion disappears alto- 
gether, and we are left with only the three acoustic natural 
frequencies vg, Vg. If, on the other hand, we are dealing 
with a crystal, say of the halogen compounds of an alkali, 
for example, rock-salt (NaCl), 5 = 2, there exist, as we have 
seen, besides the three acoustic oscillations, three further 
natural frequencies of the second type. In consequence 
of the regular crystal character of the alkaline halides, these 
three natural frequencies exactly coincide, at any rate for 
long waves, and give rise to that motion in which the sodium 
lattice vibrates approximately as a rigid structure against the 
likewise rigid chlorine lattice. We see at once that it is 
just the natural frequency last considered that will play the 
chief part in the optics of these crystals. For when an 
electromagnetic wave meets the crystal, the sodium ions 
are driven by the electric force of the wave to the one side, 
and the oppositely-charged chlorine atoms are drawn to the 
opposite side. It is thus just the type of vibration described 
above that is brought about. If the frequency of the 
external wave approaches closely to that of the natural 
period, resonance occurs. These infra-red vibrations, there- 
fore, are what determine the course of the refractive index, 
especially in the infra-red. They are the so-called “infra- 
red dispersion frequencies.*' It is also in their neighbourhood 
that the places of metallic reflection lie which are detected 
by the method of residual-rays. 

What has just been stated for the special case s = 2 
(alkaline halides) may, of course, be immediately generalised. 
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For if the basic groups consists of s different particles, it 
is just the 3(5 ~ 1) natural frequencies that determine the 
dispersion of the crystal. Among them are those, in the 
neighbourhood of which the regions of metallic reflection 
(residual rays) lie. If the basic group contains p positive 
atomic residues and s - p electrons, the frequencies . . .^ v^s 
fall correspondingly into two classes : the first class consists 
of S(p - 1) infra-red frequencies, which arise from the 
atomic residues; the second consists of 3(s - p) ultra-violet 
frequencies, which are to be ascribed to the influence of the 
electrons. The infra-red natural frequencies decide the 
course of the refractive index in the infra-red, the position 
of the residual rays, and, as we shall see, the atomic heats ; 
the ultra-violet natural frequencies, on the other hand, deter- 
mine chiefly the refractive indices in the visible and ultra- 
violet. Incidentally, the general lattice-theory of JBorn'^^ 
confirms the law previously enunciated hj Haber that the 
frequencies of the first class (infra-red) bear the same ratio to 
the second (ultra-violet) class, as regards order of magnitude, 
as the square root of the mass of the electron bears to the 
square root of the mass of the atom. 

After this digression let us now return to our starting-point. 
Up to the present we have always considered a wave of 
definite length X and with a definite normal direction and 
we have seen that corresponding to it there are, in the most 
general case, 3s natural frequencies . . . v^g. Let us now 
allow the wave-length X to vary continuously, keeping the 
wave-direction constant, by going from infinitely long waves 
to the smallest. Then each of the 35 natural frequencies will 
also vary continuously, and will pass through a continuous 
range of values. In other words, the 35 natural frequencies 
are certain functions of the wave-length X : 

From this, however, we learn the fundamental fact that all 
these ranges of values of the single natural frequencies are 
only finite in extent and thatf thereforey each of the 35 continua 
of frequencies automatically hreahs off at a highest limiiing 
frequency. Automatically,^' i.e. without our arbitrary assist- 
ance (as in Debye's case), solely on account of the analytical 
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form of the function /i. This is explained by the fact that 
the wave-length X of possible waves in the crystal has a 
lower limit set to it : waves of length below a certain lowest 
value cannot exist. This is most simply recognised from the 
following instructive example. If we consider a simple 
cubical lattice having the atomic distance a, and examine, 
for example, longitudinal waves, which are being propagated 
along an edge of the cube — so that all atoms on an edge at 
right angles to this side oscillate in the same phase in the 
direction of the edge — then we see at once that the smallest 
wave that is possible here has the length ~ 2a. For 
this wave, namely, successive planes of the cube swing 
in opposite phase, that is, against” one another. The 
functional relation between v and X assumes the special 
form : 

v = . . . (47) 

For infinitely long waves (X = oo ), v ~ 0 ; if we pass on 
to shorter waves, v increases continuously, until, for X = 2a, 
it reaches its maximum value At this limiting frequency 
vm the range of possible v’s breaks off automatically. 

Up to the present we have given the wave-direction (n, the 
direction of the normal) a certain fixed value, and have 
allowed the wave-length X to vary. We now give the wave- 
direction by degrees other values, and at each step we allow 
the wave-length to vary from the value oo to the least 
possible value. Then the nature of the functional dependence 
of the magnitude vi or X, and the position of the limiting 
frequencies also change continuously with the wave-direction, 
so that we may say: the 3s natural frequencies are, in 
general, continuous functions of the wave-length X and of 
the wave- direction n : 

(^'-1, 2, 3, . . . 3s) . (48) 

In it, each of the functions fi breaks off automatically for a 
minimum value of the wave-length at an upper limit 
(n‘)max, which itself still depends on the wave-direction. 
These equations express the law of dispersion of waves in 
crystals, for they determine for each wave the 3s frequencies 
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Vi and hence also tell us how the rates of propagation 
gy ==: . X depend on the wave-length and the wave-direction. 

The dispersion law becomes particularly simple in the region 
of long waves : for the three acoustic vibrations the re- 
lations 137 

. m 

hold. In them the three magnitudes ^i(n)j and (ifs(n) 

are three, in general different, functions of the wave- 
direction. And further, these are the three velocities of 
propagation of the three acoustic vibrations. In the region 
of long waves, therefore, the three velocities of propagation 
of the three slow acoustic vibrations are independent of the 
wave-length to a first approximation. 

The dispersion law (for long waves) assumes a very 
different appearance for the 3(s - 1) rapid vibrations 
1 ^ 4 , Vs . . ‘ . T'a*. It assumes the form 

V£ = ,.0 + (i 4, 5, . . . 3s) . (50) 

here the are constants, the pi(7^)’s are again certain 
functions of the wave-direction. The velocities of propaga- 
tion here assume the values 


qi = ViX == v^X + p^{n) . . . ( 51 ) 

and would thus be linear functions of the wave-length. 

We may summarise thus : the elastic spectrtcm of the most 
general crystal^ the basic group of lohich contains s particles i 
consists of Ss separate parts (^‘ branches ") . Bach part consists 
of a finitely extended continuum of frequencies. The three first 
parts contain the totality of all sloio, acoustic natural fre- 
quencies {sometimes called ^^characteristic ”). The remaining 
3(s — 1) parts include the rapid {infra-red and %6Ura-violet) 
naUtral freqttencies, which play the chief part in determining 
the optical dispersion and the positions of metallic reflection. 


§ 8. Continuation. The Law of Distribution of the Natural 
Frequencies 

"V^ile tlus knowledge of the general character of the elastic 
spectrum is, as we shall soon see, of great value, it is none 
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the less insuflioiont for the quoBtiou of the energy-content and 
molecular heat of the crystal, inasmuch as, even for the 
simplest crystal, a strict calculation of the clastic spectrum 
is not possible at the present time. We know, however, on 
the other hand, tliat wo need not know tlm whole details of 
the elastic spectrum to calculate the onergy-oouteiit and the 
molecular heat, but that it BulhcoH to know the law according 
to which the natural froqueucieH are diati'ibutod over the 
elastic spectrum (or its individual “ hrancjhes ”). This is 
the more true, the closer together the natural frequeneicH 
lie. Now, in reality the linito crystal poBsessoH, if it con- 
sists of the basic group (of s particles) N timoa repeated, 
3K^ natural frequoncioB, lohick tm distribukd so that N fre- 
quencm fall to each of the 8^? branches of the si>eGtrum, If N 
becomes infinite, the JV individual natural frequencies of each 
branch merge into one another to form a continuum, and we 
get exactly the elastic spectrum that we have just been con- 
sidering. We see from this, that the more wo are justified 
in replacing the finite crystal by one of infinite extent the 
bettor our results if we know only the distribution law of the 
natural frequencies (without knowing their position exactly). 

The law of distribution of the natural frequoucios, which 
was discovered i)y Horn and Kdrmdn and extended by Born 
in his Dynamics of tho (Crystal hatticei” to the most general 
typo of crystal, may be formulated tliUH; Meet from the 
totality of alt elastio waves the small yronpf %vlum knyths lie 
belween K and X + dX, and whose normal direelion Im in the 
elementary solid angle dQ, Each of the 3s branches of the 

Y 

S'peotrum then contribute dxdit natural freymnem la this 

group. Here V denotes the volume of the finite crystal. 

y 

§9. Continuation, The Atomic Heats at Low, very Low, and 
High Temperatures 


The knowledge of this law of distribution allows us to 
write down at onoo the thermal capacity of the crystal con- 
sisting of Ns particles. From (42) it is ; 
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This formula is to be interpreted as follows : the natural fre- 
quencies VI are, by (48), to be expressed as functions of the 
wave-length A and the wave-direction n ; then the integra- 
tion is to be performed with respect to X from the smallest 
wave-length Kn{n), which itself depends upon the wave- 
direction w, up to the maximum X «. co . The result of this 
integration still depends on the wave-direction and the index 
i. Finally, integration is to bo performed over all directions 
(that is, over all elementary solid angles between 0 and 4ir) 
and summation over all 3a branches of the spectrum. But 
we have seen that the 3s branches of the spootrum fall into 
two groups. The first 3 branches (i » 1, 2, 3) contain the 
totality of slow acoustic natural frequencies; for these 
branches we have the dispersion law (49) which is valid for 
long waves. The remaining 3(s - 1) branches contain the 
totality of the quick (infi-a-red and ultra-violet) natural fre- 
quencies, with the entirely different typo of dispersion law 
(50), which also holds for long waves. Hence the 

Of 


sug- 


gestion naturally occurs of dividing the sum of (62) into 


< m 1 


two parts, corresponding to the two different groups of fre~ 
quenoies and of writing 
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These still very complicated formulte may, according to 
Born, be brought into a very simple and comprehensive form 
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by limiting our considerations to low temperatures and in- 
troducing certain approximations. As we have already re- 
cognised, at low temperatures only the long waves contribute 
to the energy-content. Hence wo shall apply in formula (53) 
all those approximations which are introduced by confining 
ourselves to long waves. Let us consider first Hero wc\ 
set in place of the n-’s of (50) the constant values which 
are independent of the wave-length A. and of the wave- 

direction. If we do this, we can place the constant factors 
, 0 
n 

\kT) 


( V 

- 1) 


■ iu front of Loth integration signs, and write 


r(2) ' 

V 


8a 


i 


(fi®‘ - 1)^ 


ilT 00 

''H 


dX 

X^ 


, whore xi ^ 




The factor in square brackets has, however, a simple moaning. 
From the law of distribution of the natural periods wo stui, 
namely, that this factor gives the sum-total of all natural 
frequencies that occur in one of the 8 s* branches of ilu^ 
spectrum ; it therefore has the value N, which as has already 
been said, is the number of basic groups which go to make 
up the crystal. If we choose the piece of crystal under con- 
sideration such that its size is so that N is equal to the 
Avogadro number, then if wo remember that NIc « M for 
the expression 




follows. If we compare this result with (34) we see that 
— excepting for the missing factor 8 —oonsists of 8(5 - 1 ) 
Einstein functions. Wo write the expression in the form 
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( 66 ) 


in which the abbreviation is obvious. The fact that, in using 
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these approximations, we come across Einstein factors, i.e. 
that we encounter the “ monochromatic ” theory, might have 
been anticipated. For since we treated the Vi*s here as con- 
stants that are quite independent of wave-length and wave- 
direction, these vibrations represent processes which have 
nothing to do with the propagation of elastic waves in the 
crystal as a whole : and this means that the individual 
particles, uncoupled as it were, perform 3(5 - 1) mono- 
chromatic vibrations. 

The approximate evaluation of the first part is quite 
different. For here we have to use for the frequencies 

^ 2 » ^ 3 J relations (49), which connect the three acoustic 
natural frequencies with wave-length and wave-direction. 
Here we have therefore to deal with three real elastic oscilla- 
tions, which are propagated in the crystal with the three 
different acoustic velocities qi{n), q.^{n)^ ®^ch of which 

depends on the direction {n). The crystal acts here as a 
dynamic whole, exactly as in Debye's point of view. Hence 
we may conjecture that allows itself to be brought 
into the form of three Debye functions (45). The more 
exact calculation confirms this supposition, and gives us ^*0 


= 3i? 



x'^e^dx 
(e^ - 1)2 


i=l 0 


(56) 


which, taking Debye's formula (45) into consideration, we 
may write in the following immediately intelligible form : 

3 

= . . . (57) 


The three magnitudes Xi here play the part of three upper 
limits of frequency. Their values are 


Xi 


hqi NSN 


(58) 


where the three magnitudes qi represent certain mean direc- 
tions of the acoustic velocities, which therefore no longer 
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depend on the wave-direction. From (65) and (57) we get for 
the thermal capacity of the piece of crystal considered 



on I 

I>(Xi) + 5-E(a!i) 


. 1-1 


i=i 


(59) 


Now, since N particles of each of the s different kinds of 
particles are present, that is one gramme-atom of each kind 
of particle exactly — for N is the Avogadro number — ^the piece 
of crystal contains 5 gramme-atoms of different sorts of 
particles. If, therefore, we cut the crystal into s equal 

pieces in such a manner, that each piece comprises only — 

s 

basic groups, then each of these pieces contains a so-called 
^‘mean” gramme-atom. Hence if we now consider only a 


r 

single one of these pieces, its thermal capacity is ; we call 
it the mean atomic heat ” and we may write 



Here the x/s have the same meaning as in (58). For the 
piece of crystal now under consideration consists of j basic 

groups, and has therefore the volume Formula (58), 

s 

however, obviously remains unchanged when we replace in 


it N and y by ~ and The quantity the volume of a 
s s s 

mean gramme-atom, is also called the mean atomic volume. 

In the case of chemical compounds, in which several sorts 
of atoms occur in the basic group, and also in the case of 
polyatomic elements, in which the basic group contains several 
particles of a like sort, we frequently speak of the molecular 
heat. In doing so, we follow the usual chemical conception, 
inasmuch as we imagine the s particles of the basic group 
divided into one or several sub-groups, and regard each sub- 
group, taken alone, as a molecule. If then the molecule 




contains q atoms, then qG^ is the mean molecular heat; for 
example, the basic group of rock-salt (NaCl) contains one 
sodium ion and one chlorine ion. The whole piece of crystal, 

which, by definition, contains basic groups, comprises 

therefore ^ sodium ions and the same number of chlorine 
ions, that is to say ^ “ NaCl-molecules.” q is in this special 

ja 

case equal to 2. Hence. 20^ represents the thermal capacity 
of N “ NaCl-molecules,” that is, the mean molecular heat of 


rock-salt. 

If among the s particles of the basic group there are p 
atomic residues and s ~ 2^ electrons, the number of Einstein 
factors in (69) reduces to 3(2^ - 1), since the 3(s - p) ultra- 
violet frequencies arising from the s - p electrons contribute 
only in a vanishingly small degree to the atomic heat as com- 
pared with the infra-red. We thus arrive at the law: the 
mean molecular heat of a crystal whose basic grotip inchides p 
{similar or different) atomic residues^ is made up^ at a suf- 
ficiently low temperature^ of three Debye terms {loith, in general, 
three different upper limits of frequency) and 3(p - 1) Einstein 
terms {in xohich the 3(p-l) infra-red nahiral frequencies for 
long waves appear as frequency numbers). 

When we descend to the lowest temperatures, the Einstein 
terms disappear exponentially, and only the three Debye terms 
remain, for these, as we know, decrease much more slowly. 
In them we can further replace all the upper limits of the 
three integrals (see (66)) by cxd , so that the integrals thereby 
become numerical constants. Eemembering (58) we get the 
fundamental law, that the molecular heat of every crystal at 
the lotvest temperahires is proportional to the third poioer of 
the absolute temperature. So the general lattice theory con- 
firms Debye's result. The formula obtained has the following 


simple form : m 

\q) 


(61) 


where Va is the mean atomic volume 



mean atomic weightX 
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and q represents a quantity which, if suitably defined, may be 
called the mean acoustic velocity, introduced in place of the 
three different acoustic velocities q.^. 

Also in the other extreme case, for high temperatures, a 
very useful formula can be obtained, as II. Thirring'^*^ 
showed. He started from (52) and developed the exponential 
functions in series. The following value is then obtained for 
the mean atomic heat : 



where the coefficients . depend in a complicated 

manner on the elastic constants of the crystals, the atomic 
masses, and the atomic distances. 


§ 10. Tests of the Born-Karra^n Theory 

How do matters stand with regard to the testing of the 
Born’Kdrmdn Theory? We see at once that it is incom- 
parably more difficult than in the case of Debye's Theory : for 
even in simple cases, the calculation of the moan atomic 
heat of a crystal is very complicated, and requires above all 
a more exact knowledge of its elastic behaviour than wo at 
present possess. Only by restricting our attention to low 
and very low temperatures on the one hand, where tho 
formulas (60) and (61) may bo applied, and, on the other, 
to the region of high temperatures, within the limits of 
applicability of Thirring's formula (62), are wo enabled to 
carry our calculations for a number of simple substances to 
the point oi comparison with experimental results. Born 
and Kdrmdn themselves, in one of their first publications 
tested the formula (61), valid for the lowest temperatures 
{Debye's T^-law), by comparing its results with those of 
experiment. They limited themselves in this case to metals 
(Al, Cu, Ag, Pb) which, however — at any rate in the usual 
form — are not proper crystals, but irregular crystalline 
aggregates. For this reason, they proceeded as if the metal 
were an isotropic body, and obtained the mean acoustic 
velocity — ^the only quantity in (Gl) which in general requires 
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extensive calculation — from the following relation which 
holds for isotropic bodies : 


^ _ i 1 

f 2t ' 


(63) 


Here and qf. are the velocities of propagation of the 
longitudinal and transverse elastic waves, magnitudes, there- 
fore, which may be simply calculated from the two elastic 
constants of the isotropic body and its density.i^s The 
agreement of the values of Gv thus found with the experi- 
mental data is, especially in the case of A1 and Cu (and also Pb), 
quite good. A. has, however, pointed out rightly, 

that no weight should be attached to this agreement. For 
the values of the elastic constants which Born and Kdrmdn 
used for calculating and q^. are those which are correct at 
the ordinary room temperature. If we take their dependence 
on temperature into account, the good agreement between 
theory and experiment disappears. Metals are, indeed, not 
isotropic bodies, and hence it is not permissible to use the 
observable elastic constants, which depend upon temperature, 
in calculating g. 

Matters are much more favourable in the case of real 
crystals, in which, as experiments by E. Madelung i*'? show, 
the elastic constants vary very little with temperature. But 
here the calculation of the mean acoustic velocity q gives rise 
in general to notable difficulties,!^^ -y^hioh may, however, 
be cleared away in simple cases by a .very practical method 
due to L. Hopf and LechnerA^^ Hopf and Lechner were 
thus enabled successfully to carry out the calculations for 
sylvin (KCl), rock-salt (NaCl) fluor-spar (OaFg) and pyrites 
(FeSg). They proceeded to calculate the quantity q from the 
observed values of Gvj assuming the correctness of formula 
(61), and they then compared these with the value of q 
calculated from elastic data. The result showed very satisfac- 
tory agreement. ISO 

It is of particular interest to test the very clear formula 
(60) which gives the mean atomic heat as a sum of three 
Debye functions and 3(5 - 1) Einstein functions. Here the 
three infra-red natural frequencies v®, vg, vg coincide, and the 
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three Einstein functions become equal to one another. If we 
introduce the further approximation of replacing the three 
different quantities Xi in the Debye formula by a mean value 
X, it follows that 

a = + ^(^)} • . . (64) 


In this we use the value of x deduced from formula (58) 
by merely replacing in it by a mean value q, which can be 
calculated by the method of Hopf and Lechner just mentioned. 

hv^ 

X, on the other hand, according to (64), = ™ , where is the 


infra-red natural frequency of the crystal (for long waves), 
which may be determined from the dispersion in the infra- 
red or by the method of residual rays. 

Formula (64) had already been given, previously to BorUy 
by W. Nernst,^^^ who, however, based his argument on a 
supposition which is no longer tenable. Nernst started 
from the conception that, for example, in the case of rock- 
salt, the NaCl-molecules are located upon the points of the 
space-lattice, and that the most general state of oscillation 
of the lattice arises from the superposition of two modes of 
motion, firstly the oscillation of the whole molecules in the 
lattice-structure, which give a Debye term, and secondly the 
intra-molecular oscillations of the two atoms, which, being 
almost monochromatic, lead to an Einstein term. The 


agreement of the Bom-Nernst formula (64) with the ex- 
perimental data is not very satisfactory in the case of NaOl 
and KGl, but much better in the case of AgCl, which belongs 
to the same crystal type.^52 The reason for this is believed 


by E. Schrodinger to lie in the excessively rough ap- 
pmximation inherent in formula (64). 

\ Finally, Thirring's formula (62) has also been tested, by 
Thirring himself, for NaOl, KOI, and, by neglecting certain 
factors, for CaFg and FeSs. Taking into account the variation 


of the elastic constants with temperature (which, however, is 
kTbe regarded as uncertain and provisional since the values 
“^are only obtained by interpolation) he found good agreement 
^.Jsdiween theory and experiment. In connection with the 


Thirring formula, Born'^^^ has also calculated the atomic 


heat of diamond and compared it with experiment. Since in 
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this case, however, the elastic constants were unknown. Born 
proceeded to evaluate the curves of atomic heat for various 
possible values, and to select from them that curve which 
conformed most closely to the results of observations. Thus, 

for example, the value 0*63 x was obtained for 


the compressibility ; this is in satisfactory agreement with the 
value, probably too small, measured by W, Bichardsy viz. 

0-5 X 

LdyneJ 


From all this we see that the possibilities of testing the 
Born-Kdrmdn Theory of Atomic Heats, partly on account of 
the great difficulties of calculation, partly on account of our 
insufficient knowledge of the elastic behaviour of crystals, are 
exceedingly sparse, so that for the present Debye's much more 
tractable formula (if necessary, with the addition of Einstein 
terms) appears more useful. If, in spite of this fact, so much 
space has been devoted here to the Born-Kdrmdn Theory, the 
reason is to be sought in the conviction that this theory has 
gone much further than that of Debye into the kernel of the 
matter. For, without a more exact treatment of the structure 
of the space-lattice and its dynamics, our knowledge of the 
nature of the solid state must without doubt remain faulty. 


§ II. The Equation of State of a Solid Body 
Linking up with this new development of the theory 
of atomic heats, a number of investigators, chiefly E. 
Qrilneisenj'^^^ S. Rat7iowsh%^^^ and P. Debye^^^ have worked 
out a theory of the solid state with the object of creating as 
a counterpart to the Kinetic Theory of Gases a Kinetic 
Theory of Solids. One of' the main problems in this con- 
nexion is to formulate an “Equation of State,” that is, a 
relation between pressure (^y), volume (F), and temperature 
s, problem, which, according to the doctrine of thermo- 
dynamics, is to be regarded as solved as soon as the “ free 
energy ” P of the body is known as a function of the tempera- 
ture and the volume.^fl® Then the pressure, for example, will 
follow from the simple equation 
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which, as a relation between p, V, and T, gives the equation 
of state at once. If this is known, we have mastered quanti- 
tatively the behaviour of the body for all changes of state. 
For example, the coefficients of expansion a, and the com- 
pressibility K, result from the well-known formulae 


a 


1 /^ 7 \ . 



(66) 


(7o is the volume at the zero-point.) 

P. Debye the first to draw attention to the fact that 

the model of the solid body which forms the basis of the 
atomic heat theories of Einstein, Debye, and Born-Kdrmdn, 
is necessarily too highly idealised ; for this idealised solid 
body has, as is easily seen, a zero coefficient of expansion. In 
fact, if, as has always been assumed hitherto, the forces 
which pull the atoms back into their position of equilibrium 
are proportional to the first power of their relative displace- 
ments (assumption of quasi-elasticity, Hoohe's Law), then 
the atoms will execute symmetrical oscillations about this 
position of rest. If this supposition, viz. Hoohe's Law, be 
valid for all temperatures, then the mean volume of the 
body — that is, the volume that it possesses when all atoms are 
exactly in their positions of rest — must be just as often over- 
shot as undershot, however great the amplitude of the heat- 
vibrations may be. Hence, if we warm the body from zero 
until it possesses the volume 7o, and if we assume that all 
atoms are at rest at zero, then its mean volume at any tem- 
perature will also be equal to 7o. The body, therefore, does 
not change its mean, observable volume with rise of tempera- 
ture ; its coefficient of expansion is therefore 0. If we desire to 
represent the actual behaviour of the solid body, namely, its 
expansion when heated, as known to us from thousandfold ex- 
perience, we are necessarily obliged, according to Debye, to re- 
place Hooke's Law of Force by an expression involving higher 
powers of the variation of atomic distance. Then the oscilla- 
tions of the atoms become unsymmetrical, and there occurs a 
displacement of their position of rest as the energy of vibration 
increases. If we arrange the generalisation of Hooke's Law 
so that a greater force is necessary to bring the atoms nearer 
together than to separate them, then the change in the 
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position of rest occurs in such a manner that for increasing 
energy of vibration, that is, for rise of temperature, the 
relative distances of the atoms increase, and hence the body 
increases in volume. Debye has extended the theory in this 
sense. Among other things this gives us the law previously de- 
duced by Griineiseji^^^ that at sufficiently low temperatures the 
thermal coefficient of expansion a is proportional to the specific 
heat. Moreover, the very small change in compressibility 
with temperature is well accounted for on Debye’s Theory. 

§ 12. The Thermal Conductivity of Solid Bodies according to Debye 

The importance of Debye’s Theory is by no means confined 
to thermal expansion. On the contrary, it became manifest 
that another important group of phenomena require this 
generalisation of Hoolce’s Law, In the idealised solid body, 
in which the elastic forces obey Hooke's Law, the elastic 
waves will become superposed without disturbance, and will 
penetrate the whole body without becoming weakened. If 
we imagine the idealised body as a horizontal, infinitely 
extended plate of finite thickness, and if we transmit a 
powerful motion (high temperature) to the upper layer of 
atoms, while we keep the lower layer at rest (i.e. at zero 
temperature), then an elastic energy current (heat current) 
will pass continually from above to below. An energy 
gradient (temperature gradient) does not, however, exist 
in the body, since, on account of the undamped character 
of the wave, the mean density of energy is everywhere the 
same. Since, in general, the conductivity for heat is equal 
to the flux of heat divided by the gradient of temperature, 
it follows that the idealised solid body 2^ossesses an infinite 
thermal conductivity. The case becomes different, however, 
if we extend Hooke’s Law in the manner described, and thus 
pass over to the real solid body. The waves in the body 
will then, on- account of the departure of the equations of 
motion from linearity, no logger pass over one another un- 
disturbed. On the contrary, an oscillation already present 
will, in consequence of the fluctuations in density caused by 
it, disturb the oscillations superimposed upon it, with the 
effect that a scattering, and therefore a weakening of the 
waves in the body results, in precisely the same way as a 


THE ELECTRON THEORY OP METALS 61 


cloudy ” medium scatters and weakens light passing through 
it. Hence, in the case taken, a temperature gradient is set 
up in the plate from- the top to the bottom. In the case of 
the real body we thus arrive at a finite thermal conductivity. 
The mathematical development of this conception led Debye to 
the law 162 that the thermal conchtctivity of crystals is inversely 
proportional to the absolute temperature (if we confine ourselves 
to temperatures which are so high that classical statistics are 
applicable). This deduction seems to be in excellent agree- 
ment with experimental results obtained by A, Buchen,^^'^ 

§ 13. The Electron Theory of Metals and its Modification hy the 
Quantum Theory 

If matters ai^e already complicated in the intrinsically 
clear case of crystals, the position becomes still more 
difficult when we turn to metals which, in general, con- 
sist of an irregular conglomerate of crystallites. In this 
case the conductivities, namely, of heat and electricity, are 
particularly deceptive. According to the classical theories of 
P. Drude,^^ P. Rieche,'^^ and H, A, Lorentz,^^^ these pheno- 
mena are brought about by the free conductivity-electrons, 
which, like gas-molecules, fly about in the space between the 
fixed atomic residues, exchange energy with these upon 
collision, and so take part in the establishment of thermal 
equilibrium. Thus the conduction of electricity is explained 
as follows : in a piece of metal of uniform temperature, an 
equal number of electrons fly, on the average, in each 
direction through an element of surface. Hence, on the 
average, there is no transport of electrical charges through 
this element of surface, that is, no electric current is flowing 
in the piece of metal. If now we apply a potential difference 
to the ends of the metal, an electric field exists in the metal, 
and this field impresses upon the electrons during their ‘‘free 
paths ” (i.e. their paths between two encounters with atoms) 
a certain one-sided additional velocity which is super- 
imposed upon the irregular heat-motion. Now, therefore, 
more electrons will pass per second through the element of 
surface in one direction than in the other, and since the 
electrons carry a negative charge, and so move against the 
field, i.e. in a direction opposite to the field, we have now an 
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eleGtric cicrrenl/ in the metal. The mathematical calculation 
of this simple conception gives for the electrical conductivity 
a- of the metal i®*? 


_ HeH 
^ “ 2mq 


. (67) 


Here N is the number of electrons per unit of volume, e and 
m charge and mass of the electrons, q their average velocity, 
and I their free path. If we write the expression (67) in the 
form 


_ Henq 
~ 4 • 


( 67^0 


we may, according to the assumptions of the classical theory, 
replace the mean kinetic energy \m<f of the electrons by 
For since, as we assumed, the electrons take part in 
establishing heat-equilibruim, the law of equipartition of 
kinetic energy applies to their motion, and there is thus 
allocated to each of the three degrees of freedom of the 
electrons the energy ^hT. In this way we arrive at the 
formula 


HeHq 
6kT ’ 


(67&) 


Analogously, we get from Drude's Theory the coefficient of 
thermal conductivity i®® 

y = . ... . (68) 

so that a combination of the two formulae leads to the 
fundamental relation 

— .T . . . . (69) 

cr 


which is the law of Wiedemann- Franz and of Lorenz^^^ It 
states that the ratio of the thermal to the electrical conductivity 
has the same value for all pure metals and is proportional to 
the absolute temperature. 

Thus all appeared in the best of order. The classical 
theory appeared here also to have worked successfully and 
the law of equipartition celebrated a triumph. But upon 
closer inspection, gaps appeared in the apparently solid 
theoretical structure, and serious doubts arose. For if the 
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free electrons really took part in the thermal oquilibrium, 
and hence claimed their full share, (per unit of 

volume), in the equal division of kinetic energy, then this 
share of energy should be plainly notiooablo in tho atomic 
heat of the body, namely, to tho extent of where N* 

denotes the number of electrons in a gramme-atom. Such 
an increase in the atomic heat of tho metals as compared 
with the non-metals (which contain no, or vanishingly few, 
free electrons) has never been obscnwod. This difliculty could 
be avoided by assuming that the number of electrons is small 
compared with the number of atoms per unit volume, and 
then their contribution to the atomic heat would be relatively 
small. But then wo should expect from (076) much smaller 
conductivities than experiment has diaolosed, unless wo werci 
to assume high values, that are improbable, for the mean free 
path.no 

Further, E, A. Lorentz’^'^^ has shown, as we have seen, 
that, if the law of equipartition for the motion of the electrons 
is assumed, the metals would radiate in tho region of long 
waves according to Bayleiyh's Law, whereas we have un- 
questionably to expect, especially ali low temperatures, tho 
radiation to take place according to Planck^H Law. 

The calculated depondenoe of the conductivity on tempera- 
ture can only be made to agree with experience by making 
particular assumptions at high tompemturos, whereas no 
assumptions seem to be able to make calculation and obser- 
vation agree for low temperatures. At high temperatures 
the resistance of the metals increases proportionally to 

the temperature, that is, a* decreases with This can 

only be reconciled with (076), if the product Nif/ ia inde- 
pendent of the temperature. If we assume with J, J, 
Emison™ that N increases proportionately to \/l\ then, 
since q is likewise proportional to V T, I must decrease with 

1 

J, a hypothesis which, as we shall see, has latterly been 

upheld by several investigators. 

Now, although the agreement between theory and experi- 
ment could thus be compelled by special assumptions at high 
temperatures, the region of low temperatures revealed Itself 




y' 





as the vulnerable point of the theory. For experiments by 
S. Eamerlingh-Onms^^^ in the laboratory for low tempera- 
tures at Leyden had shown that the resistance of metals 
at very low^ temperatures (the experiments extended as far 
down L l-e" abs.)' falls away to a quite extraordinary degree, 
and practically disappears before the 

At any rate, the resistance cannot, as follows m view of what 
has iust been said from formula {67&), sink proportionately 
to only the first power of the temperature; on the contraiy 
the fall is without doubt proportional to a higher power. 
That the Wiedemann-Franz Law also ceases to be valid in 
this region, has been proved by experiments of C. E. Lees 

a,ndi W. Meissner ..v. .1 i. 

In order to escape from all these dif&culties the quantum 
theory was appealed to, and attempts were made, in the most 
varied ways, to make it harmonise with the existing theory. 
A first attack was ventured by W. Nernst and Kamerhngh- 
Onnes who gave for the resistance of the metals empirical 
formul® which linked up directly with the form of Planck s 
energy equation (9) and which gave the change in the resist- 
ance with temperature satisfactorily. F. A. Lindenwin 
and W conceived more detailed theories. L'lnae- 

mann accepts in his first paper J. J. Thomson’s hypothesis, 
according to which N is proportional to ^T, and retains the 
equipartition law for the motio^of the electrons, so that q 
also becomes proportional to JT. Then, according to (676), 
ffie variation of the resistance - with the temperature depends 


entirely on the mean free path 1. But this is, according to 
well-known considerations of the theory of gases, the greater 
the smaller the “ radius of action of the metallic atoms ; for 
the electrons can pursue greater paths freely, i.e. without 
collisions, the smaller the hindrances set in their path. The 
novel part of LiTidcTnOtii'n/ s Theory is the fact that he brings 
the radius of action of the atom into relation with its ampli- 
tude of swing in its heat-motion. For it is at once obvious 
that the atoms in this heat-motion will cover a greater space 
in a given time, and their sphere of action will be the greater, 
the larger their amplitude of oscillation, i.e. the higher the 
tonperature. Thus the mean free path also becomes a 
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funotion of the temperature, inasmuch as it is brought into 
relation with the energy of vibration of the atoms. But, for 
the latter term, LindoffWin inserts the value given by the 
quantum theory, and finds for the resistance the formula 

+IP . . (70) 

c”’-l 'Vo*'''-! 

where v denotes the frequency of the atoms (again the mono- 
chromatic theory) ; A and B are constants. Eor high tem- 
peratures W then becomoB proportional to the tompomtura 
T; for low temperatures W decreases exponentially with 

hv 

(j ■ ‘M’ to a constant value J3^. With the help of this formula, 

I Lindemann succeeds in representing the observations quita 

I well (the formula contains two constants which can be mani* 

I pulated) ; but, since the law of equipartitiou has bean retained 

I for the electrons, the difficulties of the oxoasBivo atomic heat 

[ and of BayleigNs radiation formula remain. Moreover, thin 

theory is unable to explain the cloparturcB from the 
inmn-Fmnz Law at low tomporaturoB ; for the meati frciu 
path I — the only quantity dependent on T wluoh ooourH in tr 
— disappears entirely from the formula (09). 

W, Wim attacked the question much more radically than 
Lindemann, In order onoa and for all to get rid of the 
contribution of the electrons to the atomic heat— this is the 
weak point of all theories which make use of the law of 
equipartition — he assumed that the electrons do not take 
part in the thermal equiUbrium, but possess a vulooity q 
which is independent of the temperature. Moreover, he 
makes the number N of the electrons per unit volume equal 
tor all temperatures. Then, according to ((57), the variation 

of ~ with temperature is again determined only by the 

dependence of the moan free path I on the tompi^^rature. 
WkUf in a manner similar to that of Lind&mann, oonnects I 
with the energy of vibration of the metallic atoms, taking, 
however, the complete elastic spectrum into account acconh 
ing to Debye, He thus gets for the resistance the value. 

6 
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"m, 

(’ vdv 

W «= const. I . . . (71) 

0 

For high fcemporatures this formula gives W « const. T, i.e 
proportionality with the temperature. For low temperatures 
it follows that W * const. 2^, i.o, a parabolic decrease. 
The observations are very well represented by Wmi*s formula. 
But, above all, the unsatisfactory fact remains that this 
method does not lead us on to a theory of heat-oonduotion; 
unless we make new assumptions, nor to the Wiedemann- 
Fram Law. For, by the condition that the motion of the 
electrons takes place quite independently of the temperature, 
Wien has taken away the possibility of also ascribing the 
transport of heat to the electrons. 

This difficulty arises again in a more recent paper of 
F. A. Lindemann'^^'^ in which, in continuation of the con- 
ceptions of Born and Kdrmdn, the supposition is introduced 
that — just as the atoms in a orysfcal — the electrons in a metal 
form a lattice, F, Haber has also adopted a similar hypo- 
thesis. The conduction of electricity is then explained by 
supposing this electron lattice to move practically as a rigid 
structure relatively to the atomic lattice and so through the 
metal. This model has many advantages. Since, in the 
heat-motion, in which the electron lattice naturally takes 
part, the electronic vibrations, on account of their mass, are 
extremely rapid (high frequency), these vibrations of the 
electron, according to Planch's formula tor the energy, make 
no appreciable contribution to the atomic heat. In addition 
the abnormal conductivity (supra-conduotivity) which has 
been observed at very low temperatures may, if we use 
earlier considerations by J, Starht^^ be explained without 
difficulty by the conception that at these very low tempera- 
tures at which the atomic space-lattice is practically at rest, 
the electronic lattice glides almost unimpeded through the 
gaps of the atomic lattice. 

(?. BoreliuSf^^ in a sketch which was recently published, 
uses ideas similar to those of Lindemann. 

Finally, we may refer to a paper by K Smfeld^ which, 
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in contrast to the preceding investigations, attacks the ques- 
tion from a more phenomenological point of view without 
making use of a particular model. For if, in the formulae 
for cr and y, (67) and (68), we bring into evidence the energy 
E = of the electrons by writing the equations thus : 


we get 


Wl 


^ 2 J 2mE 

y = ^NZ 

I^EdE 

7 4 

0- ~ 3e2 ■ 

y, dE 
^dT • 


( 72 ) 


( 73 ) 


as the expression which represents the Wiedemann-Franz 
Law. Herzfeld then shows that, if we compare the result 
with observation, the formula (73) can be made to agree well 
with the actual measurements if we set Planck* s expression 


hv 


for E, (The factor i has been introduced because 


2 

the energy of the electrons is solely kinetic.) The values for 
V which have to be used stand in no recognisable relation to 
the atomic frequencies. A paper by F. v. Hauer works 
along similar lines. 

If we survey the whole field of the conduction of heat and 
electricity in metals we recognise that here the last word 
has not been spoken, and that a great deal of hard work will 
be necessary to clear up finally the extraordinarily com- 
plicated relationships. But much would doubtless be gained 
for the theory if in future the observations, as far as possible, 
are no longer made on crystal aggregates, but on metal 
crystals that are pure and homogeneous. 




CHAPTBE V 

The Intrusion of Quanta into the Theory of Gases 

SI The Heat of Rotation of Diatomic Gases according to the 
^ ‘ Quantum Theory 

W HILE the molecular theory of the solid state thus 
gained new nourishment from the doctrine of quant^ 
the kinetic theory of gases could no longer be preserved from 

to Sto ol to’ Vi.™ w. had pomled o,t 

nuite early that quantum-effects are to be expected m h 
o< di- and pol,.h.„io e..— ^ ” Z 

moleoTile. Let us take as 
an example the diatomic 
gas hydrogen, the mole- 
cule of which we may 
picture provisionally as a 
^ rigid “ dumh-bell (Fig. 6) . 
The knobs of the dumb-bell 
I are the hydrogen atoms, 

the grip represents their 
chemical bond. Such a 
molecule is known to 
possess, besides its transla- 
tory motion (three degrees 
of freedom), the possibility 
of rotating about an axis at right angles to the line joining the 
atoms (two degrees of freedom, corresponding to the two axes 
dotted in the figure). Botation about the line joining the 
atoms does not— if we accept Boltzmann's conception of the 
absolutely rigid smooth atom — come into play in the ex- 
change of energy by collision and hence in the distribution 
of energy among the separate degrees of freedom : for this 
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rotation cannot be changed by collision. Considered from 
the new point of view of quanta, which rejects '' rigidity ” and 
smoothness ” as an unjustified idealisation, the position is as 
follows : The moment of inertia of the molecule relatively to 
the line joining the atoms is extremely small compared with 
the moment of inertia about either of the axes at right angles 
to this line. But it is known that rotations which take place 
about axes with small moments of inertia occur with much 
greater rapidity than those about axes with large moments of 
inertia (the same energy having been imparted in each case). 
If, therefore, wo identify the revolutions per second with fre- 
quencies, and use the Plaiich energy expression for the energy 
of rotation (which is not strictly correct quantitatively), a line 
of argument which has already been frequently applied shows 
us that the rotation about the line joining the atoms possesses 
only a vanishingly small share of the energy. For the same 
reason (high frequencies) the degrees of freedom, which 
correspond to the vibration of the atoms in the molecule, 
become of importance only at high temperatures, As a result 

JcT 

of all this, classical statistics gives us the value 2 ~ = JcT 

A 


for the mean energy of rotation of the hydrogen molecule ; 
per gramme-molecule it thoroforo becomes NkT *= BT, 

Hence that part of the molecular heat lohioh arises from 

rotation is equal to li, that isj about 1*98 in- 

dependent of the temperature. In crass contradiction to this, 
A, Eiichen'^^ found oxporimontally that the rotation part of 
the molecular heat of hydrogen has the value B demanded by 
the classical theory only at high temperatures. On the other 
hand, it gradually decreases as wo pass to lower temperatures 
and approaches asymptotically the value zero at the abso- 
lute zero. In the immediaie neighbourhood of absolute zero, 
hydrogen behaves as a monatomic gas, Etochen's result was 
confirmed by experiments conducted by K, ^cheel and W. 

who, however, measured the values of the molec- 
ular heat only for three temperatures (92“, 197'", and 289" 
on the absolute scale). This falling off of the rotational heat 
is without doubt a quantum-effect, similar to the decrease in 
the atomic heat of solid bodies. 


7U xnxii A 

The first attempt to calculate this phenomenon theoretically, 
is due to A. Einstein and 0. Stern , who proceeded as 
follows : If J and v are the moment of inertia and the 
number of revolutions per second of the molecule respectively, 
then its rotational energy is 

. . . (74) 

If, to simplify matters, we now suppose that all molecules 
rotate with the same mean number of revolutions v per second, 
-we can introduce for the corresponding mean energy of 
rotation 

.... (75) 

the theoretical quantum value 


“'r 

JcT 


(according to Planch's first theory) (76) 




Er = jj* — + {Planck's second theory) . (77) 
e ^-1 

Prom (76) or (77), by combining with (75), we obtain v as a 

dS 

function of T, M finally we form multiply by the 

Aix^ad^o number N, then we get the share of the energy of 
rotation in the molecular heat, and we see how it depends on 
the temperature. It thus appeared that only^by using the 
^j^restion (77) for Er would we be enabled to get a satis- 
factory connesdon agreeing with Eucken's measurements, a 
which Emstein and Stern used at the time as an argu- 
ment for the existence of a zero-point energy. It must, how- 
ever, be emphasised that this theory can only be regarded as 
a first attempt to find general bearings and that it does not 
fulfil more rigorous requirements. For the Planch energy 
formula used, (76) or (77) are valid, as is shown by their 
maly for configurations whose frequency v is a con- 
stant quantity independent of the temperature. Here, on 
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the contrary, we have made use of a mean speed of rotation 

V, dependent on the temperature. 

P. Ehrenfest^^ in 1918 built up a theory of the heat due to 
rotation on a stricter basis* He had, however, to oonfmo 
himself to configurations with one degree of freedom, that is, 
to rotations of the molecule around a fixed axis, as at that 
time an extension of the quantum theory to several degreoH 
of freedom had not yet been worked out. The expression 
thus obtained for the heat of rotation was then, in order to 
take into account both degrees of freedom, simply multiplictd 
by 2, a method which readily suggests itself, but is not justi- 
fiable. Ehrenfest started, in his calculation, from the original 
form of the quantum hypothesis, according to which the 
energy of linear oscillators may only be whole multiples of /ns 
and accordingly made the condition that the rotational energy 
of a configuration with one degree of freedom (fixed axis) may 

hy 

only consist of whole multiples of ■g'. The factor >1 appears, 

because the energy of rotation— in contrast with the vibra-* 
tional energy of the oscillator— is solely kinetic by nature. 
The Ehrenfest condition is, therefore, according to (74) : 
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hence 


nh 


and by substitution in (78) 
n%‘^ 


^ , 


(n 0, 1, 2, 3 * 

• 0 

. (78) 

(« « 0, 1, 2, 3 . 

. .) 

. (79) 

(m - 0, 1, 2, 3 . 

■ •) 

. (80) 


Heim the molecules can only rotate with quite (kfinite, duereU 
speeds v„, and correspondingly acquire only a series of discrete 
rotational energies quite in agreement with the sense uf 
Flanoh's quantum theory. It is noteworthy that the«e dis- 
crete rotational energies ai'e related to one another as the 
squares of the whole numbers, whereas the energies of the 
Planch osoillators are proportional to the whole numbers 
themselves. With the discovery of the discrete values (HO) 
of the energy, the dynamioal part of the problem was solved. 





been extended in accordance with the quantum theory), then 

the mean rotational energy of a molecule is known to be equal 
00 

to • tOji* Multiplication by JSf and differentiation with 

n=0 

respect to T give us immediately the heat due to rotation.^®® 
Ehrmfest thus obtained for the relationship between the 
rotational heat and the temperature a curve which could, it is 
true, be made to agree well with the measurements obtained 
at low temperatures by choosing the arbitrary constant J (the 
moment of inertia) suitably, but at high temperatures it showed, 
before reaching the classical value By a maximum and a sub- 
sequent minimum, which did not correspond with the existing 
observations. 

We may note here an important consequence of equation 
(79), since it has played a noteworthy r6le in the further 
development of the quantum theory. If, namely, we write 
down the angular momentum (the moment of momentum iw) 
of the molecule, that is, the quantity p = / x 27rv, then it 
follows from (79) that only the special quantum values 

^ = 0 , 1 , 2 , 3 . . .) . . ( 81 ) 

of the turning-moment exist. This relation may also be 
deduced directly from the theory of the quantum of action as 
formulated in (30). For, if we select as our general co- 
ordinate, in this case q, the angle of rotation then the 
csorresponding momentum or impulse p is known to be 
none other than the moment of momentum. It follows 
fieom this, since p is independent of that 

%jr 

=. nh 

0 

ii (81). 


• ( 82 ) 
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In the same way, on the basis of Planck's first theory, 
namely, the conception that the special quantum rates of 
rotation vn are the only possible ones, and using the dumb-bell 
model, the authorise Jias recently carried out the strict calcula- 
tion for structures with two degrees of freedom (free axes of 
rotation), making use of the later ideas of the quantum theory. 
This stricter method likewise gives us curves for the rotational 
heat which are useless, for they also have a maximum and 
a subsequent minimum, as in Ehrenfest's case. Only by 
making special subsidiary assumptions, such as excluding 
certain quantum states, can we get curves which rise steadily 
with increasing temperature, and which agree, at least to a 
certain extent, with observation.^®? 



Not much more satisfactory results were obtained in those 
investigations which, again with the use of the dumb-bell 
model, were based on Planck's second theory. According to 
this theory, the discrete values vn of the rotational speeds are 
not the only possible ones ; on the contrary, the molecule can 
rotate with all rotational speeds between 0 and oo , and hence 
can assume all values of rotational energy between 0 and oo, 
exactly like the Planck oscillators in Planck* s second theory. 
The peculiarity of the special quantum values (80) for the 
energy here consists in the following : imagine the energies 
Er plotted as abscissae (Fig, 7) and the corresponding prob- 
abilities w as ordinates; then a stef -ladder curve results, 







74 the quantum THEORY 

the steps of which lie exactly at the values The prob- 
ability that a given value Er of the rotational energy will 
appear is therefore constant within the range of energy bekoeen 
E r ctnd but changes suddenly at the ends of this range. 

According to Planch's first theory, which allows only the 
quantum values the encircled points alone have a 

meaning. Only at those points is the probability other than 
zero, while all intermediate values of the energy possess the 
probability zero, that is, do not occur. 

In this case, too, the problem was first solved for one 
degree of freedom (fixed axis of rotation). E, and 

/. V, Weyssenhoff ^"^^ found, in agreement with one another, a 
steadily rising curve for the rotational heat, which fitted the 
observations well at low temperatures, but undoubtedly went 
too high at higher temperatures (from about 140^ abs. up- 
wards). 

But when the modern development of the quantum hypo- 
thesis for several degrees of freedom, to which we shall be 
introduced later, was available, a stricter calculation for 
free axes of rotation, i.e. for two degrees of freedom, could be 
carried out. This problem was attacked on the one hand by 
ikf, Planch^^ on the other by Frau S. Botszayn^'^^'^ but was 
treated differently in each case. Planch started with the 
premise that this problem belongs to the category of so-called 

degenerate ” problems. This term is to convey the follow- 
ing : the molecule rotates, when no external forces act 
on it, according to the doctrines of mechanics, with con- 
stant speed in a spatially-fixed plane. The position of 
this plane in space must, so Planch argues, be of no im- 
portance for the statistical state of the molecule. Hence the 
condition of rotation of the molecule in the sense of the 
quantum theory is determined by a single quantity, namely, 
the rotational energy. In spite of the fact, therefore, that 
the problem is originally and naturally a problem of two 
degrees of freedom — for the position of the molecule in space 
is determined by two angles — ^we must, according to Planch^ 
treat it in the quantum theory as a problem of only one 
degree of freedom. The two degrees of freedom coalesce, as 
it were ; they are coherent,** 

In contrast to this, Frau Eotsmyn proceeds to turn the 
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problem into a non-degenerate one by the addition of an ex- 
ternal field, and after solving this problem, reduces the field 
of force till it vanishes. This method which was also used 
by the author in the paper above cited, appears to be par- 
ticularly advantageous, when the calculation is based on 
Planch's first theory, for peculiar difficulties arise in “ degen- 
erate oases. Success here decides in favour of the second 
method. For while Planch finds a curve 202 which rises above 
the classical value to a maximum, and then descends asymp- 
totically towards the value B — and is therefore of no use — 
the calculation of Frau Botszayn gives a steadily rising curve, 
which agrees well with the measurements for lower and higher 
temperatures ; only the value^observed at T = 197° abs. lies 
about 10 per cent too low, 203 



While all the above-mentioned investigations are based on 
the dumb-bell model, which can only be regarded as a pro- 
visional, schematic construction, P. S. Epstein^^ in 1916 
carried out the corresponding calculations for another mole- 
cular model proposed by N. This model of the 

hydrogen molecule, to which we shall return later, is built up 
of two positive hydrogen atoms, each of which carry a single 
positive charge, and around the connecting line of which two 
electrons, diametrically opposite, rotate in a fixed circle at a 
fixed rate (see Fig. 8). Since the equilibrium in this purely 
electi'ical system is determined by the play of the Coulomb 
attractions and the centrifugal forces, and since the radius of 
the electron is determined by a quantum condition, this model 
possesses the advantage that all its dimensions are completely 


fixed, so that there is no longer any question of the arbitran- I 
ness of the moment of inertia. The “dumb-bell knobs are | 
represented here by the two positively-charged hydrogen | 

atoms; the rotations of the molecule hitherto considered v 
would therefore correspond to those motions in which the \ 

molecule rotates with a moment of inertia J about an axis 
at right angles to the line joining the atoms. But to this ^ 

there must very plainly be added the rotation of the system . 

about the axis of symmetry (i.e. the line joining the atoms), | 

which results from the extremely rapid rotation of the elec- i 

trons. The moment of inertia corresponding to this axis is, I 

in consequence of the extremely small mass of the electrons, | 

very small compared with J”. The whole system obviously f 

possesses, if we regard it approximately as rigid, the properties I 

of a symmetrical to'p. Its motion is therefore, in consequence 
of its own rotation about the axis of symmetry, not a rotation, f 

but instead the well-known motion, “regular precession/’ 

Ef stein treated the problem from this point of view but could I 

not obtain agreement at low temperatures with the moment | 

of inertia calculated from the model itself, namely, J = 2*82 | 

X 10 ~ Presumably, this failure depends on the fact that I 

the model does not correspond with reality, and in fact we I 

shall see later, that well-founded doubts have arisen as to the | 

correctness of the Bohr model. We must therefore admit, | 

unfortunately as one of a number of instances in the quantum 
theory, that the important problem of the rotational heat of 
hydrogen still awaits solution. i 

§ 2. The Bjerrnm Infra-red Rotation-spectrum 

N. Bjerrttm^ has applied the relation (79) in a very 
interesting manner to the infra-red absorption of polyatomic f 

gaseous compounds. These gases (for example HOI, HBr, I 

(X), H/) in the form of steam, but on the other hand not 
the elementary gases Og, Ng, Cl^) show, according to the 
iny^tigations of S, P. Langley,^^ F. Paschen.^te I 

a Bubms &ad. E. AschUnass,^^^ E. Eubens and G, Eettner,^^^ % 

W, Bmrmeisterf^^ Eva v. Bahr^^^ extensive absorption bands ^ 

m short- and long-wave infra-red. While in the long- 
wave m&a-red we account for the absorption by the rotating 
XBoleaale, whidx, composed of positively and negatively 


i 

I. 



charged atoms, act like electric double poles and hence in 
turning emit and absorb radiation, BjeTTum was the first to 
point out that the molecular \rotation must also make itself 
noticeable in the short-wave infra-red. For if there exists 
in this region a linear vibration vo of the ions in the molecule 
relatively to one another — and hence an absorption at this 
point — and if, in addition, the whole molecule rotates at the 
speed v,i, then it is known that there will be produced as a 
result of the composition of the vibration with the rotation 216 
two new vibrations (and, correspondingly, two new regions 
of absorption) having the periods vq + v,. and vo ~ v,., sym- 
metrically disposed on both sides of the ionic vibration vq. 
On the whole, then, we have three points of absorption : 
V,., Vo - Vfi VO + V,., to which we must add the non-rotational 
state VO as a fourth. But if now, according to Blanch' b first 
theory, the molecule can only rotate with discrete speeds of 
rotation Vn [see (79)], toe get symmetrically to the original 
position of absorption v — vo and^ on both sides of it^ a series 
of further ^discrete eqtddistant positions of absorption : 


V = Vo + — Vo + 

V ^ VQ - Vn ^ vq - n 


h 

47rV 

h 


(n = 1, 2, 3 . . .) . (83) 


These discrete equidistant positions of absorption have 
actually been found by Eva v. Bahr in the case of water 
vapour and gaseous hydrochloric acid, and were measured 
later with still greater accuracy by H. Bubens and (?. Hettner 
for water vapour. In an examination carried out on an 
extensive scale E. S, has once more thoroughly 

investigated the hydrogen halides (HOI, HBr, HF) and con- 
firmed the law (83) for the position of the absorption lines. 
It was thereby found that the middle line vo was always 
missing. From the standpoint of the theory here described 
this would mean that the non-rotational state does not exist, 
that is, that the molecules akuays rotate (zero-point rotation). 

A, Euchen^^^ who discussed the results of E, v, Bahr, 
which were at that time the only ones known, deduced from 
the good agreement between observation and calculation that 
BlancVs second theory is not valid, for the experiments 


may affcer all be explained, surprising as it may seem, on the 
basis of his second theory (continuous classical” absorp- 
tion ; all speeds of rotation possible). This curious result is 
explained as follows : Let v){E^)dEr be the probability that 
a molecule possesses exactly the rotational energy Er ] hence 
for N molecules Nw(Er)dEr will be the number that will 
possess exactly the rotational energy Er^ These molecules 
rotate therefore — according to (78) — with the speed 


Vr = 


± l2Er 


The quantity w(Er) is here, according to Planck's second 
theory, the step-ladder curve pictured in Fig. 7. Planck's 
caJculation then leads to the following result : the absorption 
of am external radiation of frequency v* is not — as one should 
expect — proportional to the number of molecules having a 
rotational speed vr = v*, that is^ to the quantity io{Er) but to 

its differential coefficient Tliis differential coeflaoient 


is, however, as Fig. 7 shows, everywhere equal to zero, 
excepting at the special quantum energy-values E^!^\ that is, 
at the rotational speeds It follows from this, that here 
also, from the standpoint of Planck* s second theory, absorption 
takes place only at the special quantum rates of rotation vn* 
It thus comes about that, at present at any rate, the infra- 
red al^rpMon spectra of the polyatomic gases, contrary to 
aU ex^tatton, do not decide one of the most fundamental 
^^ons of the whole quantum theory, whether, namely, 
Flamks first or second theory is correct. An important 
r^k must be added here. The deductions of the relation 
gives the position of the infra-red absorption bands are 
^ rn^rdan^ with the classical and half in accordance 
^ tbe quotum For althoi^gh the rotational 

are deterged by the quantum theory, the resolu- 
tion the cw^on Ko mto the two components vn ± v 

are determmed by the classical methods. How to attack this 


§3. The Degeneration of Gases 

The phenomena described above which wore oljBorv('cl in 
the case of polyatomic gases (falling-oIT of tho inolooular hoat, 
and infra-red absorption) justify fully tho application of th(^ 
quantum theory to motions of rotation. On tho other hand, 
the attempts to go a stop farther and to apply it to tho 
translational energy of gases rest upon a much more insecure 
basis. If this stop is taken, the hitherto exceptional position 
occupied by the monatomic gases, whoso molooules contain 
only translational energy, becomes destroyed, for then they, 
too, must succumb to the quantum law. This problem 
has been attacked from various quarters [0. Sachnrf^ 11. 
Tetrode, W. H. Keesom,^ W, Lens and A, Somnier/etd,^ 
P. Soherrer,^ M. Planck.^] Thus, for example, Tetrode, 
Keesom, Lem and Sonmerfeld imagine tho thermal motion 
of the gas split up into a spectrum of natural frequencies, and 
they then distribute the energy in quanta, that is, according 
to formula (9), over the individual natural frequencies, quite 
analogously to the manner of Debye and Jiorn-Ktirmdn in 
the case of solid bodies. Soherrer and PUmek, on tho other 
hand, apply the quantum hypothesis directly to tho motion 
of the individual gas-atoms, basing their argument on tho 
modern formulation of tho quantum conditions for sovoral 
degrees of freedom. How such a quantum resolution of tho 
translatory motion is effected, is perhaps most easily seen 
by the following simple example (ScJierrer) : Lot a gas-atom 
of mass m fly to and fro in a oube-shapod space of side a 
’with the speed v parallel to one of tho edges. It then 

executes a sort of oscillation with the period s * If w© 

set its kinetic energy, E ■> according to Planoh's first 
hv 

liheory = (jt « 0, 1, 2, 3 . . .) then it follows that 
JL a ^ 






hence 




(84) 


nh 
““ 2cm 


and 




Hence the velocity of the atom and its translatory energy 
can acquire only discrete, quantum-determined values. 

The calculations of the above-named investigators lead to 
two important main results, at least in qualitative agreement ; 
in the first place, there results an alteration in the gas laws 
at very low temperatures. The necessity for this “ degenera- 
tion of the monatomic gases had already been recognised by 
Nernst, who deduced it on the basis of his new heat theorem.226 
For if the equation of state of ideal gases 


/p = pressure . 

^ V — volume of a gramme-atom ’ 
pV = Ml I ^ _ absolute gas-constant 
\T = temperature 


(85) 


were exactly true for all temperatures down to the lowest, 
then the maximum work A, which could be gained from 
the isothermal expansion of the gas from the volume to 
the volume Fjj would have, as we know, for all temperatures 
the value 


^2 •'s 

A = jydF = = BT log, (^). 

For all temperatures down to absolute zero, ^ log 


would differ from zero, in direct contradiction to the condition 
(SB) of Nernst' 8 Theorem. Hence it follows that in the region 
of the lowest temper ati/res, the equation of state (85) rmost 
tmdergo modification. In fact, experiments of 0. Sackitr^"^ 
on hydrogen and helium appear to speak in favour of the 
existence of this degeneration.” 


§4. The Chemical Constants of Monatomic Gases 

The second main result given by the application of the 
quantum theory to monatomic gases, is an extremely in- 
teresting relation of the Flanck constant h to the so-called 


‘^ohemicEbl constaufe o£ tho g^s, a quaufeiiy which playa 
an important part in changes ol! tho state of aggregation 
(vaporisation, sublimation) and in oheraioal states of equi- 
librium. But it is here apeoially ornphasised that the re- 
lationship just meiitionod is not hound to the undeniably 
hypothetical resolution of tho trauslatory energy into (juanta* 
On tho contrary, 0. has sucoeed(jd in deducing it un- 

objectionably, loitho^it applyintj tim quantnm tfmwij U) Hw- gas. 
The original method, which Stern adopts, may be shortly 
sketched here. Consider tho process of Bublimation, i.a, the 
passage from tho solid into tho vapour state. Let the 
vapour obey tho gas laws, and lot its density bo negligible 
compared with that of tho condensed solid. Then classical 
thermodynamics gives for tho pressure p of the saturated 
vapour as a funotion of the temperature the following 
equation : 

T 

logF" . (HO) 

0 

liere Xq is the heat of vaporisation (per gramme-atom) at 
absolute zero, is the energy of the condensed solid (par 
gramme-atom) at the temperature 2’; the constant 0, which 
is tho chemical constant of the vapourising Bubatance, 
remains tmdetermined, ciGcarding to thermodynamm. On 
the other hand, the integral on the right-hand side of 
equation (86), which contains the energy of the solid 
material, may be completely calculated upon the basis of 
our assured knowledge of the energy-content of the solids. 
We only require to assume the solid to be a Born-Kdrmdn 
crystal, and hence to use the quantum-theoretical value (41) 
for IE we now restrict ourselves to high temperatures, 
to a region, therefore, in which the classical theory la valid, 
(86) assumes the form 


logp 


Xq + 


ZN 

\hv^ 

Zi 


BT 


-■ilogr+81og(^|^ + 0 


(87) 
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(The SN quantities vi here form the elastic spectrum of the 
solid body ; v is their geometric mean.) The formulation of 
this equation constitutes the first step of Stern's deduction. 
It gives the result of thermodynamics, extended by the 
application of the quantum theory to the condensed sub- 
stance. The second step is the formulation, in accordance 
with molecular theory, of a vapour-pressure formula for high 
temperatures, in the region therefore of classical statistics. 
Here, also, the Born-Kdrmdn solid model is used for the con- 
densed substance, and, on the basis of known laws of 
probability, the number of the atoms is calculated which are 
in statistical equilibrium in the vapour phase. In this way 
the density of the vapour, and hence, as a result of the gas 
laws, its pressure, are given. So Stern finds 

logeP = - ^ i log 2^ + log J . (88) 


Here m denotes the mass of an atom, and A.'q is the work 
which is necessary to bring N atoms {N is the Avogadro 
number) from complete rest to the gaseous state. An un- 
determined constant naturally does not appear in this formula 
deduced from pure molecular theory. For the molecular 
model is completely determinate, and hence gives the absolute 
value of the vapour pressure, not only its temperature co- 
efficient, as in the case of thermodynamics. A comparison 
of (87) with (88) shows, firstly, that 

8iV 

X'o = Aq + . . . (89) 

1 

and secondly, that the chemical constant C has the value 


C 



(90) 


Eelation (89) may be interpreted by making the supposition 
that the solid body already possesses an energy amounting to 

3J7 



at the absolute zero, that is, a 


** zero-point energy/’ to 


1 

which the latent heat of vaporisation Xq must be added, in 


afcomB oomplotoly Eroo from their union iti the 
iion (90) gives us the solution of the problem 
gives Uie^ chemical comtant of the monaUnnk 
icticm of the atomic mass and Uu^ nnivetsal 
.ltd k Nowhere, however, in the whole 
? should bo emphaHised once more --has the 
hesis been applitul to the gtia itself, 
make formula (90) available for oomparison 
it 229 we may expediently infcroduoe the molee- 

mN, and set k then 


(a?r)i/r. 


10*17 


log Mf where Cy log 

e the baao 10 instead of the natural base $ for 
i, and measure the vapour pressure not in 
re but in atmospheres, we get the ohemioal 
id by Nernst^ which is related to ^Skrn*s value 


- 2-3oa(i " 

y get the simple expression 
C'o -H i logjy M, where G'y - - 1*69 . (91) 

as been brilliantly verified by experiment. The 
rustworthy measurements of vapour pressure 
tales of equilibrium give in the case of hydro** 
i mercury the values 
± 0*16, ***- 1*66 ± 0*06, 1*62 ± 0*03 

lore justified in saying with ^S'^arn that the 
) for the chemical constant of the monatomic 
‘etioally and experimentally one of the be^at 
3 of the Quantum Theory. 


CHAPTEE VI 


The Quantum Theory of the Optical Series. The 
Development of the Quantum Theory for several 
Degrees of Freedom 

§ I. The Thomson and the Rutherford Atomic Models 

T he greatest advance since M, v, Lam’s discovery of the 
method of Eontgen-spectroscopy for determining crystal 
structure was made in the realm of atomic theory in 1913, 
when the Danish physicist Niels Bohr placed the atomic 
models in the service of the quantum theory. Bohr’s labours 
have in their turn reacted on the quantum theory and fertil- 
ised it, and thus a marvellous abundance of notable successes 
have been achieved in recent years through the interaction be- 
tween the dynamics of the atom and the quantum hypothesis. 

Among serviceable atomic models, the one proposed by 
J. J. Thomson long occupied a much favoured position ; accord- 
ing to it, the electropositive part of an atom, which constitutes 
the most important part of its mass, is supposed to be a 
sphere of “atomic dimensions’’ (radius about 10"® cms.) 
filled with a positive space charge in the interior of which the 
negative parts, the electrons, rest in a stable position of equi- 
librium. This model has the great advantage of explaining 
on purely electrical grounds the possibility of “ quasi-elastic- 
ally bound ” electrons, i.e. such electrons as, being displaced 
from their position of rest, are drawn back into it by a force 
which is proportional to the displacement!^^ And it was just 
with the help of such electrons that, as is well known, P. 
Drude,^ W. Voigt,"^ M, Planck,^^ and H. A. Lorentz^^ 
succeeded in building up large regions of theoretical optics, 
namely, the theory of dispersion and absorption, and the 
magneto-optical effects (magneto-rotation and Zeeman effect). 

84 


THOMSOiN AND liUTJtii^atruKi^ m 

Moreover, the Thomson atomio model was able, by following 
the classical doctrine of the theory of electrons, to do what 
must be demanded of every serviceable atomio model, viis, to 
explain the emission, as a result of the oscillation of its 
electrons, of sharp, i,e. essentially monoohromatio spectral 
lines,” the position of which, on account of the quasi-'clastio 
restoring force, was indopondtuit of the intensity of the 
excitation, that is, of the energy of the oscillations. 

In three important points, on the. other hand, the model 
failed completely, In the first plaoe no suoooss at all, unless 
with complicated and artificial hypothoses invented ad JwOf 
attended efforts to deduce from Tlummm's model the formulae 
for the optical series, for example, the simple formula for the 
Balmer series of hydrogen.^'s^ Secondly, the model could not 
account for the division of the spectral lines in an edeotrio 
field as observed and closely studied by /, Shirk ^ (Slark 
effect), in spite of the fact that it had been found most 
valuable, in the hands of IL A, Lorentz^ for explaining and 
calculating the Zeeman efleot.^® Thirdly, it was not in a 
position to explain the large individual deflections, somotiraes 
exceeding 90'", which, according to It Oevjer and Marsden^'^ 
a*partioles undergo in passing through thin metaUio foils, 
For on their way through the matallio foil, the a-partiolcm, 
which are known to be doubly charged helium atoms, oome 
into the neighbourhood of the metaltio atoms and are more 
or less deflected from their stmight paths by the electric fields 
of the atoms. If, now, the metaUio atoms were Thomson 
atoms, the electric field of these atoms would attain its 
greatest value at the surface of the positive sphere, at a 
distance therefore of about 10 ^ oms, from the centre of the 
atom, For from the surface outwards the field deoraases, 

according to OoiihmVs Law, with while it grows from the 

centre to the surface proportionately to r. Those a-partioles, 
therefore, which pass close to the surface of the positive 
sphere, must undergo the greatest deflection, An easy ap- 
proximate calculation shows, however, that the field at this 
distance from the centre is far from being strong enough to 
explain the great deflections which Oeiger and Manden have 
observed. This weighty reason led B. Buiherfoi^d to set up, 
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instead of the Thomson model, a new one, which was able to 
explain the large deflections of the a-rays. According to the 
Eutherford atomic picture, the electropositive part of the 
atom is compressed into an extremely small space 2^2 the so- 
called micleus. Its charge E consists in general of z positive 
elementary charges c, so that E = ze. Here z is, according to 
a hypothesis of van den Broelc,^^^ the atomic number of the 
element, i.e. the number which gives the position of the 
element in the series of the periodic table. Thus, for example, 
0 — 1 for hydrogen, 2 for helium, 3 for lithium, and so on. 
About this nucleus the electrons describe planetary paths, 
that is, circles or Kepler ellipses with the nucleus as focus, 
since the electrons are attracted by it in accordance with 
OoulomVs Law (inversely proportional to the square of the 
distance). 

In the electrically neutral atom having the atomic number 
0 , z electrons circle round the nucleus. For example, the 
neutral hydrogen atom consists of a singly charged nucleus 
{E = e) around which one electron revolves in a circular or 
elliptic path. 

That this Eutherford model is actually able to explain the 
cause of large deflections of the a-particles is seen at once ; 
for the field-strength of the nucleus, in contrast to Thomson's 
model, increases strongly up to the immediate neighbourhood 
of the nucleus, in accordance with Coulomb's Law; hence, 
if the positively charged a-particles come very close to the 
nucleus — ^that is, much nearer than 10 cms. — then they are 
exposed to the extremely powerful repulsion of the nucleus. 

On closer examination, the Eutherford atomic model dis- 
appoints us seriously : for the revolutions per second, v, of 
the electrons depend on the energy of the system.^i* If, 
therefore, we suppose, according to the classical electron 
theory, that an electron revolving at v revolutions sends out 
an electromagnetic radiation of frequency v, then, since the 
system loses energy by this radiation, v must diminish cor- 
respondingly, But this means that the atom is tinable to emit 
a sharp, homogeneous spectral line. 


§2. Bohr’s Model of the Atom 

It thus appears that we are obliged to reject this model at 
the very outset. But the history of physios has decided 









BOHR’S MODEL OF THE ATOM 87 

otherwise. With deep-sighted intuition, Niels Bohr saw the 
possibilities of Butherford’s model and brought it under the 
quantum theory by making throe bold hypotheses.2« In the 
first place, he assumed that the electron (or electrons) cannot 
revolve around the nucleus in all paths possible according to 
the view of mechanics, but only in certain discrete orbits 
determined by the quantum theory. If wo restrict ourselves, 
as Bohr did initially, to circular paths, then only those paths 
of an electron are allowablo from the view of the quantum 
theory for which the moment of momentum (angular mo- 
mentum) of the revolving electron is a whole multiple of 

It, in exact agreement with the quantum condition (81) or 
Att 

(82) for the rotating molooula» 

This gives, in the simplest 
case for the quantum paths of 
the electrons, a discrete family 
of concentric circles around 
the nucleus, with radii, which 
are related to one another as 
the squares of the whole 
numbers (1 : 4 ; 9 : 16 : 

). See Fig. 9. - 

Secondly, these ^^allow- 
able'' orbits are stationary; 9 ^ 

they are in a certain sense 

stable states of motion. This stability is gained by making 
the radical condition that the electron — in striking contrast 
with everything that the classical theory has taught us — 
shall not radiate when in the stationary paths. Since by 
this ‘^decree” the loss of energy is abolished, the electron 
can continually revolve in such a ‘^quantum path." That 
there are such “non-radiating" paths in the atom, is be- 
yond doubt. Among other things, the constancy, in time, 
of the para- and ferro-magnetism of bodies, which is 
generated by revolving electrons, speaks in favour of this 
view. But how electrodynamics must be altered in order to 
guarantee the non-radiation of the quantum paths, and only 
of these, is a question which as yet remains unanswered. As 
we have now abolished the classical" radiation of the 




wiun jroancK s original quaniiiim rule, ±fonr s mira conoiiiion 
takes effect ; when the electron passes from one allowable 
quantum orbit, in which the energy is TF^, into another 
allowable quantum path of energy energy amounting to 
Wz - Wi is radiated in the form of an energy-quantum hv of 
homogeneous, monochromatic radiation. The frequency of 
the radiation emitted is determined by ^Frequency 

Condition : 


V 


TF2 - Wi 

h 


. ( 92 ) 


We can follow Einstein in imagining the passage from 
the state of higher energy to the state of lower energy as a 
sort of radio-active disintegration, the occurrence of which in 
time is determined by chance. The details of this passage and 
the release of energy accompanying it are, however, entirely 
obscure up to the present. 


§3. The Hydrogen Type of Series according to Bohr’s Atomic 

Model 

However bold and unorthodox Bohr^s three hypotheses 
may have appeared, their success was surprising. If we apply 
them to a ‘^hydrogen type” of Butherford’&iom in which 
a single electron revolves around a positive nucleus with a 
^f-fold charge, we get^*^ for the frequencies of the spectral 
lines, which the electron emits in passing from the ?^th to the 
5th quantum path, the following values : 

1 \ r 1 ^ 

^ "" — P — (72 “ ^ 2 ) charge and mass] 

' -! of electrons I (93) 

n whole numbers J 

If we here set 5? = 1 (hydrogen), s = 2, w = 3, 4, 5 . . . 
get in exactly the same form the empirical expression for the 
Balmer series of glowing hydrogen 2*® 

V - (m = 3, 4, 6...) 


. (94) 




For the constant N which appears in tho empirical formula, 
the so-called Btjdberg number, Bohr's Theory therefore gives 
the expression 

27r‘V>wi , 

;j8 - • • • . ( 95 ) 


If we use boro tho well-known values 
c =3 4:'774 X 10 (Millikan) h » 6*56 x 10““-^ (Planck) 


^ » 1-77 . 10^ 

niG 


then it follows from (95) that 

N ^ 3‘27 , 

while tho empirical Bydberg number has tho value 3*29 , 10"^^ 
This striking agroomont and the resolution of tho Rydberg 
number into universal constants is one of the main achieve- 
ments of Bohr's Theory,^® and forms a strong argument for 
its innate power, Wc may say that, according to Bohr's 
original theory, tho individual linos of tho Balmer series (fJ^, 
Hp, jffy, , . .) are omitted when tho electron jumps from the 
3rd, 4th, 6th .. . orbit into the 2nd. 

With this statement, however, the achievements of formula 
(93) are not exhausted. For it includes, as we easily see, 
further spectral series of hydrogen. Namely, if we set s »» 1, 
n » 2, 3, 4 . . , we get the ultra-violet series that was found 
and measured by Lyrmn!^ If on the other hand we set 
s « 3, n «« 4, 6, 6 . . . we get the infra-red Bergmann series, 
the first two lines of which were measured by F, Pasohen.^^^ 

The element which follows hydrogen in the Periodic System 
is helium (atomic number « 2). While, however, the con- 
stitution of the nmtral helium atom with its two electrons 
is already more complicated — according to the latest investi- 
gations, the two electrons circle around the nucleus in two 
different orbits—the simply ionised helium atom, which has 
therefore a single positive charge^ is entirely of thehydi’ogen 
type;^^ for it consists of a doubly-charged positive nucleus 
around which an electron rotates. The sole difference, as 
compared with the hydrogen atom, thus consists in the 
doubling of the nuclear charge, » 2. The series emitted 
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from the positive helium atom may therefore, according to 
(93), be comprised in the formula 


V==4:N 



(96) 


where N is again the Rydberg number as defined in (98). If 
we here set s = 3, n = 4, 5, 6 , . . we get the so-called 
“ principal series of hydrogen ” which was observed by 
Fowler 252 and very recently measured with great care by F. 
Paschen.^^ For s =» 4, = 5, 6, 7 . . .we get the so-called 

second subsidiary series of hydrogen,’’ which was observed 
by Pickering and Evans . Both series were, before the 
advent of Bohr's Theory, falsely ascribed to hydr-ogen. 

A new and extremely noteworthy result of Bohr's Theory is 
revealed, if we allow for the movement of the nucleus in our 
calculations. For, in reality, the nucleus is not stationary, 
but nucleus and electron revolve about their common centre 
of gravity. By taking this fact into account we are led to 
a slightly altered expression for the Rydberg constant. In 
place of (95) we get the formula 




(97) 


in which M denotes the mass of the nucleus. It follows 
from this that for different elements, for instance, hydrogen 
and helium, the Rydberg constant differs somewhat and is 
smaller for hydrogen than for helium (since Mh Ii^ 

general, the value of the Rydberg constant increases with 
increase of atomic weight tending towards a limiting value. 
All this is in perfect agreement with the results of many 
years of spectroscopic research. 

In the same way as emission, absorption has a quantum- 
like character, according to Bohr's model. If light, say of 
the first Balmer line (JBTa), falls upon a hydrogen atom, a 
quantum hv of this external Ha radiation is used to '‘raise 
the electron into the third quantum orbit. An amount of 
energy hv^a is taken from the external radiation, that is, light 
from\the line Ha is absorbed. 
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§ 4. The Structure of the Periodic System 

Even in his earliest papers Bohr endeavoured bo construct 
for the higher elements as well (Li, Be, B, C, etc.), in con- 
nexion -with the Periodic System, suitable atomic models 
with several rings of eloetrons, each occupied by several 
electrons, in which, for example, the well-known octaves of 
the system are reproduced by a regular arrangement of the 
external electrons which recurs at every eighth element, 
while the number of the electrons revolving in the outermost 
ring is equal to the valency of the oloment in question. 

W. Kossel^ arrived at a similar structure of the atoms as 
a result of a profound investigation of the formation of mole- 
cules from atoms. Also, L. Vegard,^’’ A. Sovmerfeld,^ and 
B. Ladenlnirg^^ have constructed analogous atomic models, 
particularly taking into account the well-known up-and-down 
curve of atomic volumes, and using them to explain other 
periodically varying properties (paramagnetism, ionic colour). 
These considerations, although they are tending indisputably 
along th ajight lines as far as the general principles are con- 
cerned, ar^ot yet firmly established in detail. 

§ s. The Quantum Hypothesis tor Several Deg:rees of Freedom 

While the quantum hypothesis in its most primitive form 
demonstrated in this way its innate power by entering the 
field of atomic dynamics, it had, in doing so, gained little as 
far as its own development was concerned. But the fruits of 
Bohr’s Theory ripened more rapidly than could have been 
divined. Already the year 1916 brought a decisive develop- 
ment : almost simultaneously. Planch and Sommerfsld inde- 
pendently found the solution of a problem that had long been 
a burning question, namely, the extension of the quantum 
theory to several degrees of freedom. Sommerfeld retained a 
close connexion with Bohr's Theory in attacking the problem. 
The first main condition of this theory related to the choice 
of “ allowable ” stationary orbits among all those meohanioally 
possible. According to this, as we saw, only those orbits 
were allowed for which the moment of momentum {Impuls- 

h 

moment) jp is a whole multiple of ^ . This may also be 
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expressed according to (81) and (82) thus : among all mechan- 
ically possible paths, only those are allowable and stationary 
for which the phase-integral fulfils the condition : 

= nh . . . . (98) 

In this gica^ttum condition we are to replace according to 
(82) the general co-ordinate q by the angle of rotation (the 
“ azimuth ’’) the impulse by the “ impulse (or momentum) 
corresponding to <l>,” namely, (the moment of momentum). 
The integration is thereby to be extended over the whole range 
of values of the variable q, that is, in the present case, from 
0 to 2w. 

In the case of the original Bohr Theory, which considers 
only circular orbits, there naturally exists only a single 
quantum condition, namely, that for the case 2 = </>, since 
the angle of rotation ^ is the only variable of the path. 
Matters are otherwise, when we reject the limitation to 
circular orbits, and hence take .KejpZCT’-ellipses into account. 
Then each point of the path is determined by two variables, 
namely, by the distance r of the electron from the nucleus, 
which is at the focus of the ellipse, and by the angle tj> (the 
“ azimuth ”) which r makes with a fixed direction (say with the 
straight line, which joins the nucleus to the perihelion). In 
this case we are presented with a problem of two degrees of 
freedom, with two generalised co-ordinates, r and <f> (polar 
co-ordinates). The simple extension of the quantum hypo- 
thesis by Sommerfeld now consists in setting up in this case 
two quantum conditions of the form (98), one for the co- 
ordinate <f>, which agrees with the single quantum condition of 
Bohr's Theory, and a new one for the co-ordinate r, so that 
the selection of the stationary orbits is here determined by 
the two following equations : 


2ir 



n and n' are here whole numbers, and pr are the impulses 
(momenta) corresponding to the co-ordinates ^ and r.«n The 
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integration in (100) is to bo taken over tho full range of 
values of r, that is, from the anaallest value r,uin (perihelion) 
to the greatest value r^ax (aphelion) and back to the smallest 
^min. (99) is called tho azimuthal quantum condition, n being 
the azimuthal quantum number ; (100) is tho radial quantum 
condition, n the radial quantum number. 

In a corresponding manner tho extension may be carried 
out for more than two degrees of freedom. If tho system has 
/degrees of freedom, and if it is therefore characterised by 
the / generalised co-ordinates 2^ • ^r^d the corre- 
sponding impulses pg . . then tho “allowable*' 

movements of the system are limited by tho / quantum 
conditions : 



nJb, 




njh. (101) 


(n^, Hjj , . , Uf are positive whole numbers). 


In every one of tho / phase-integrals the integration is to 
be performed over the full muge of values of the co-ordinate 
in question. 

A difficulty, which arose hero from the outset, was the 
question as to which oo-ordi nates ought to be chosen for the 
application of the quantum rule (101), or whether the choice 
is immaterial. In general, we may characterise a system of 
several degrees of freedom by various types of co-ordinates ; 
for instance, we may describe tho Keplar movement of the 
electron either by polar co-ordinates r and or by Cartesian 
co-ordinates x and j/. This question is the more urgent, 

when one considers that the separate phase-integrals do 

not really become constantB for eveiy choice of co-ordinates, 
as is required by the quantum rule (101). aoa P. S. Epstein 
and E, Solmarzschild^ have solved, independently of one 
another, this problem of the “ correct choice of co-ordinates ” 
to a certain extent. Incidentally, an interesting and sur- 
prising relation of the quantum rules (101) to a long-known 
theorem of classical dynamics was revealed, which had been 
propounded by Jaoohi and SamUton, and had hitherto been 
successfully applied in celestial mechanics. Finally, quite 
lately, A, EinsUin?^ by modifying the expression (101), has 
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put) forward a quantum hypothesis which has the advantage 
of being independent of the choice of co-ordinates. But a 
closer discussion of these abstract investigations would lead 
us too far here. 

The second formulation of the quantum hypothesis for 
several degrees of freedom is due, as already mentioned, to 
M. Flanck/^^^ It is, as it were, more cautious in its nature 
than the more radical attack of Sommer f eld. Planch ^ con- 
tinuing directly from the division of the phase-plane of linear 
oscillators already discussed, starts from the so-called Gihhs 
phase-space to deal with more complicated systems. For a 
system of /degrees of freedom, which is characterised by the 
co-ordinates q^, ^ 9j impulses 

the Gihh’s phase- space is that 2/ dimensional space, the points 
of which possess the 2/ co-ordinates . . . P/* Each point 
of the phase-space (phase-points) represents, therefore, a 
definite momentary state of the system in question. Planch 
now gives this phase-space, in exact analogy to the phase- 
plane, a cellular structure, by bringing into prominence 
certain specially distinguished boundary surfaces. At the 
same time the size of the cells is proportional to 7z/. The 
points of intersection of those boundary surfaces then repre- 
sent the distinctive quantum states or phases of the system 
(that is, according to Planch's first theory the only possible, 
the ‘‘allowable” conditions). In contrast with 
Theory, in which the motion of a system of / degrees of 
freedom is always determined by / quantum conditions, in 
Planch's^ under certain circumstances, the case may occur 
that fewer quantum conditions than degrees of freedom exist, 
so that several (“ coherent ”) degrees of freedom are limited 
by a single quantum condition. 

§ 6. Sommerfeld’s Theory of Relativistic Fine-structure 

That these theories had found the kernel of the matter was 
soon to be shown by applying them to Bohr's atomic model. 
According to them from among all the mechanically possible 
paths, which the electron can describe about the £i-fold 
positively charged nucleus, the allowable, stationary paths 
must be determined by the two quantum condition^ (99) and 
(100). This gives, in place of the discrete, quantised circles 
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of Bohr, cliscretety quantised Kepler Blli 2 )scs, among which 
also the Bohr circles arc included, as special cases. And 
further, the ellipses are quautuni-determinod, both with re- 
ference to their sizes (i.o. to their major axes), and to their 
form (i.e. the relation of tho axes to one another), so that here 
every orbit, as compared with Ihhr, is characterised by two 
quantum numbers n and n'.*®’ In place of formula (93) for 
the hydrogen type of scries, we got tho general formula : 


\f sss 




1 

(s -H s')'"* 


1 

\n + n'y^^ 


( 102 ) 


Here again N, the Bydberg constant, is given by (96), or 
more exactly (the motion of the nucleus being taken into 
account) by (97) ; s and s' are the two quantum numbers 
(azimuthal and radial) of the final orbit of the electron; n 
and n' are the quantum numbers of its initial orbit. Since 
also, as a result of this more complete view of Sommerfeld^ 
the number of allowable orbits is greatly increased, as com- 
pared with those arising from Bohr's Theory (owing to the 
addition of tho ellipses), the electrons have a great many 
more possibilities in passing from one orbit to another, that is, 
the chances of generating spectral lines are multiplied. But 
we easily recognise the following fact : if we choose as the 
final orbit of the electron any one of those orbits, for which 
the sum of the quantum numbers ^ -b has a definite value, 
say s 4 - s' ^ 2, and as initial orbit, any one of those paths, 
for which n ♦f n' has a definite value, say 4 - n' 3, then 
all the different transitions of the electrons from any one of 
these initial orbits to any om of these final orbits generate 
always the same line (in the case of the figures above chosen 
it will be the first Balmer line) ; for according to (102) the 
frequency of the line emitted depends only upon the sum 
s 4 - s\ and the sum n 4 - n\ and on the other hand not on the 
separate values of s, s\ w, n'. It would thus appear as if 
nothing is gained physically by Sommerfeld's elaboration of 
the theory as compared with Bohr's original theory. How- 
ever, as Bohr had already pointed out, the calculations are 
incomplete in one important respect, which become of funda- 
mental importance when consistently taken into account, 
and which represents the main achievement of Sommerfeld* s 
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theory of spectral lines. Namely, the velocities of the 
electrons, which appear in these problems, cannot be con- 
sidered negligibly small compared with the velocity of light. 
In this case, however, we cannot, as we know, calculate by 
the methods of classical mechanics, which regards the mass 
of the electron as constant, but must take our stand Ufon the 
theory of relativity, and hence take into account the variations 
of the mass of the electron with its speed. Sommerfeld com- 
pleted the calculation in this respect. The paths of the 
electron and the nucleus differ, in this refinement of the 
theory, from the ordinary Kepler ellipse in that the perihelion 
of the orbit advances in the course of time, and that the path 
loses its closed character. This has the effect that the energy 
of the electron in the stationary quantum-chosen orbits — which 
here also are determined by (99) and (100) — is no longer 
solely dependent on the sum of the quantum numbers as in 
the case of the non-relativistic Kepler motion, but that the 
quantum numbers n and n' also enter, separately, into the 
expression for the energy. Only as a first approximation, 
therefore, i.e. when the relativity correction is neglected, 
will the frequency v of the spectral line emitted depend on 
the quantum sums s + s' and n + n' alone, as (102) shows. 
If we take into account the relativistic change of mass of the 
electron, on the other hand, v vrill also depend on the 
individual values of s, s', n, It follows^ therefore, that 

the various possibilities, above considered, of the generation of a 
definite spectral line, that is, the passage of an electron from 
any one of the initial orbits s + s' == constant to any one of the 
final orbits n -h n' = constant, no longer produce exactly the 
same line, but give rise to slightly different lines, which, how- 
ever, on account of the smallness of the relativity effect, lie 
very close together. This is SommerfeWs explanation of the 
fine-structure of the spectral lines in the case of the hydrogen 
type of spectra. For example, according to Sommerfeld, the 
first line of the Balmer series (the red hydrogen line Ha) must 
consist of five components, which are arranged in two chief 
groups (of two and three each). The mean distance of these 
two groups from one another should amount, according to the 
theory ,270 to about 0*126A; the best measurements of the 
hydrogen doublet gave the value 0*124 Jl {FaecTien, Meissner). 
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HIGHEB EI.EMENTS 

If this agreement already speaks strongly in favour of Sommer- 
feld's Theory, the exact measurements, by F, Pasohen,,^^ of the 
fine-structure of the lines of positive helium {Fotoler series) have 
given a still more convincing proof of its correctness ; almost 
loithotit an exception^ all tJie cominments required by the 
theory of the fine-structure appeared on the phoioyraphiG plate, 
and thus proved strikingly the existence of the stationary paths 
of the eleotron and its relativistio change of mass. 

Two interesting consequences may yet bo mentioned here ; 
they are directly connected with Sommerfeld* $ Theory and 
Paschen's observations. First of all they have rendered 
possible the use of the fmo-struoturo moasuremonts for a 
direct “spectroscopic” determination of the three funda- 
mental constants e, % (mass of the electron at infuutoly low 
speeds), and Secondly, K. OlUscMrm was able to 

show that we only find the spectroscopic observations, for 
example, the size of the hydrogen doublet, in agreement with 
the theory, when wo use for the variation in the mass of the 
electron the formula given by the theory of relativity. On 
the other hand, Abraham*s Theory of the rigid electron loads 
to formulas which do not agree with experiment 

§7. Higher Elements 

We thus see that Butherford^s atomio modal as furihor 
developed by Bohr and Sonmerfield far exceeded the ex- 
pectations which it could reasonably be expected to fulfil At 
any rate, it has revealed to us the optical series of hydrogen 
and helium with undreamed-of precision as far as the finest 
details. But beyond these primary gains, it has undertaken 
a further series of successful attacks. Thus Lands was 
successful in calculating the two series-systems of neutral 
helium (helium and parhelium) by taking, in contra- 
distinction to Bohr, a model of the neutral helium atom in 
which the two electrons circle around the double positive 
nucleus in two different orbits, either 00-planar or else 
inclined at an angle to one another. In this case then, the 
external eleotron, the leaps of which generate the radiation, 
moves in a field in which the simple Coulomb Law no longer 
holds, on account of the disturbing influence of the inner 
electron. Examples of this type which differ from that of 
7 
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hydrogen have been generally investigated by SommerfM^ 
•who has shown 278 that by giving up the Coulomb field we 
arrive, to a first and second approximation, at the Bydberg 
and Bitz forms of the series laws. A very promising 
beginning in setting up a quantum theory of the spectral 
lines was thus made. 

§8. The Stark Effect and the Zeeman Effect in Bohr’s Theory 
of the Atom 

Under the circumstances the question forces itself upon us, 
whether the atomic model in its present state of development 
is able to account for the Starh effect, that is, the splitting up of 
the spectral lines as a result of the action of an external electric 
field on the electrons emitting the lines. Eor, as we may 
remember, the original Thomson model had completely failed 
just at this point. And how do matters stand as regards the 
Zeeman effect, the splitting up of spectral lines as a result of 
an external magnetic field? Could the new model explain 
these phenomena as well as the old ? Both questions have 
fortunately been answered in the affirmative. As regards the 
Stark effect, P. 8 . Epstein, in an important paper, succeeded 
in demonstrating the following : if we calculate the motion of 
the electron under the influence of the nucleus and the 
external field, according to the methods usual in celestial 
mechanics, and then choose from among all mechanically 
possible motions the allowable stationary orbits by applying 
the modern quantum rules for several degrees of freedom, and 
if, thirdly, we allow the electron to leap from one of these 
stationary paths into another (whereby we limit the infinite 
number of possible passages by a “principle of selection” 
presently to be discussed), then the Bohr frequency formula (92) 
gives with the most admirable accuracy and completeness, both 
as regards position and number, all the components of the 
resolved lines as observed by Starh in the cases of hydrogen 
and positive helium. This astonishing result must be re- 
garded as a further strong support of the correctness of 
Bohr's model and its system of quanta. The theory of the 
explanation of the Zeeman effect has up to the present not 
been quite so successful. It is true that Debye^'^^ and 
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>’^8 have been able to derive the normal Zeeman 
m of the original line into a triplet when the 
ration is perpendicular to the lines of force) by 
rom the model. The explanation, however, of 
nt phenomena in this field has not yet been 
L: firstly, the anomalous Zeeman effect and its 
■Preston rule), and secondly, the fact, discovered 
,nd Back™ that even in the case of lines with a 
fine-structure, the normal triplet is formed as 
field grows. Further investigation will, it may 
ravel those difficulties. 

Principles of Selection of Rubinowicz and Bohr 

as the foregoing considerations deal only with 
3 f lines in the spectrum, i,o. with their frequency, 
confronted with the problem of their form of 
. their intensity and polarisation . Moreover, the 
lestion had yet to bo answered, whether all leaps 
•on from any one stationary path to any other 
or whether the number of allowable transitions 
lited by some “principle of solciction.” This 
imentally, a question of intensity, for the position 
:ded as follows ; the forbidden transitions oorru- 
0 intensity. The solution of this whole complex 
has been greatly advanced quite recently. In 
36, A. Buhinoioicz,™ by applying the law of tht^ 
of the moment of momentum (impuh-momenl) 
m atom H- radiated wave, arrived at a principle 
md a rule of polarisation of the following form : 
the hydrogen typo, which are removed from the 
external fields of force, the a5?imufchal quantum 
the electron [see formula (99)] can only alter by 
1, when emission takes place. In the first case, 
diated is linearly polarised, in the two other 
,rly. The position of the plane of the orbit 
shanged during the process of emission. In 
atoms differing from the hydrogen type, and 
iplioated structure, the position is less simple ; 
he total moment of momentum of all the 
ling part of the system (we know that this 
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impulse remains constant during the motion), equal to a 

whole number, n*, times it is just the changes in this 

number during the emission which must be limited by the 
principle of selection in the same manner, as, in the case 
above, the alterations in the azimuthal quantum number of 
the individual electron in its leaps were limited. Here also, 
zero change in the azimuthal quantum number gives linear 
polarisation, changes by + 1, on the other hand, lead to 
circular polarisation. In place of the orbital plane we get 
the ** invariable plane (at right angles to the total moments 
of momentum or impulse- moments), the position of which in 
space remains unaltered. If, finally, the atom is exposed to 
an external field, say a homogeneous electric field {Stark 
effect) or a homogeneous magnetic field {Zeeman effect), then, 
as we know, only that component of the total turning 
impulse remains constant during the motion of the masses 
forming parts of the atom which is parallel to the external 

h 

field. If we set these components of impulse = ^ 12^7 

only the alteration of this number will be limited by the 
principle of selection (that is, the alterations must be 0^ + 1). 
The principle of selection is thus clearly weakened in its 
action by the external field, and can, if fields of irregular 
strength and direction act on the atom, become completely 
illusory, as, for example, in the case of electric discharges. 

By means of entirely different considerations, N, Bohr 
arrived at results which coincide, in essentials, with those of 
BubinowicZj but exceed them greatly in range. Bohr started 
from the fact that in the limit for large quantum numbers, 
when the successive stationary states of the atom differ very 
little in the energy they involve, the frequency that the 
electron emits in its passage between neighbouring states 
becomes identical with the rate of revolution in the stationary 
orbit .282 The electron therefore emits, according to Bohr*s 
frequency condition, the same line that it sends out accord- 
ing to the classical theory of electrons. In other words, for 
very high quantv/m numh&rSj the quantum theory passes over 
into the classical theory. {Bohr*s Principle of Correspon- 
dence or Analogy.”) Arguing from this principle, Bohr pro- 
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ceeds as follows : accordiDg to classical mGchanics, the motion 
of the electron in Bohr's atom may be represented as the super- 
position of component harmonic vibrations of the frequency * 

== + • • • + • ♦ (103) 

Here, . r/ are whole numbers which in general may 

have all values between - co and + oo ; the . . . o);- are 
certain constants which depend on the character of the 
motion ; / is the number of degrees of freedom, I'jet the 
amplitude of the partial vibration characterised by thtj 
numbers to r/ be Ari . . . Then, according to classical 
electrodynamics, vki is the frequency of the radiated partial 
wave (t^ . . . Tj) and ,4^^ . . , A^/ is a measure of its in- 
tensity. On the other hand, the following result is derived 
from the quantum theory {Bohr's frequency formula) for high 
quantum numbers : in the transition from an initial state 
characterised by the quantum numbers . . . m/ into a 

final state corresponding to the quantum numbers 
a line of frequency 

VQu = (%~Wi)a)i -h -f* , . . + {m/-7lj)w/ . . , (104) 

is emitted. Here the quantities , m/ arc the same, 

constants as in (103). But, according to Bohr's Principle of 
Analogy, for high quantum numbers vm vqu, Ilouca there 
follows from a comparison of (108) with (104) 

Tj « - nji, Tg = . . . t/* =» U/ - n/ . . . (1.06) 

i.e. the classical** partial vibration (t^ . . ♦ r/) con^esponds t 
that qua^ihtm transitioyi, in which the cptanPim numbers alU^ 
by exactly . . . t/. The polarisation and intensity of the 
wave emitted during this quantum transition may be, oaloulatvd 
from the fo7in of vibration mid amplitude of the “ comBiiondiny 
classical ** partial oscillatioii. This principle which has beau 
derived for high quantum numbers is extrapolated by Bohr 
with great boldness over the region of all quantum numbers. 
Thus the important principle of correspondence " is obtained. 
If in the development of the electronic motion in terms of 
partial vibrations the term (t^ ^ » ^/) is missing, than 

the corresponding transition 

% ”* « Tjj . . ., m/ - Uf « Tf 


is not present. Hence there follows, for example, for atoms 
of the hydrogen type in a field free from force, the law that 
the azimuthal quaoztum number can in all emissions only change 

4“ 1 or - 1, both of which lead to circularly polarised 
radiation. This law is somewhat more limited in form than 
that of Buhinowicz. 

Both the principles of selection and the rules for the 
polarisation and the intensity have stood the test of compari- 
son with experiment. Buhinotvicz himself showed that his 
principle of selection and the rule of polarisation are in agree- 
ment with Paschen's measurements of the fine-structure of 
the helium lines, and further with the observations of the 
Stark effect and the normal Zeeman effect. P. S, Epstein 
and H, A. Kramers went still further, and were able to 
prove by profound investigations, based on Bohr's Theory, that 
the calculations of intensity along the lines sketched above 
were also in surprising agreement with observation. Binally, 
Sommerfeld and Kossel in an interesting study have applied 
the Buhinowicz principle of selection to spectra differing from 
the hydrogen type as well, and have shown that it is able to 
explain why certain series appear more readily and are more 
favoured than others, as it were, and that, by the selection of 
the “possible transitions, it sets a limit to the multiplicity 
of possible combinations in a manner which, so it appears, 
entirely agrees with experience. 

§ 10. Collision of Electrons on the Basis of the Bohr Atom 

While in this way, through the interpretation and unravell- 
ing of the universe and the almost bewildering abundance of 
spectroscopic observations, the conviction of the correctness 
of Bohr's atomic model deepened more and more, a series of 
observations of quite another kind became known and contri- 
buted considerably to the consolidation of Bohr's Theory. 
These were the investigations already mentioned earlier in 
connexion with the light-quantum hypothesis, which dealt 
with the collision of free electrons with gas molecules and 
atoms. These researches were conducted particularly by 
<7, Franck and Q, Sertz ^ and, in succession, by a considerable 
number of American investigators in a systematic manner. 
The manifold results of these interesting researches may be 
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sketched here schematically by a simple example. What 
have we to expect when electrons collide with a Bohr Atom ? 
As a simple type of Bohr atom, let us choose a model in which 
z electrons revolve around a x-fold positively charged nucleus 
in stationary quantum paths. The nature and spatial arrange- 
ment of these paths, as well as the distribution of the electrons 
among the individual paths will bo left open, and wo shall 



make only the simplifying assumption tJuU om electron — the 
so-called valency electron — revolves alone m the outermost 
orbit (1) (see Pig. 10). Let this bo the “ normal," unexcited 
state of the atom. The hydrogen atom (s «■ 1) is, as we know, 
constituted in this way, and, of the neutral complicated atoms, 
the atoms of the vapours of the alkali metals (Li, Na, K, Hb, 
Os) very probably also fall under this scheme. If by any 
addition of energy the electron is “ raised " from its normal 
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orbit (1) to a higher orbit (that is, one having more energy), 
say into the orbit (2), (3), (4) and so forth, and if it “ falls 
from these back into orbit (1), then the 1, 2, 3 . . . line of the 
so-called ^^Absorption-series of the unexcited atom” (principal 
series) is emitted. The frequencies of the lines emitted are 
regulated by Bohr's frequency condition (92), i.e. that the loss 
of energy Wn - incurred in passing from the nth to the 
first orbit is equal to a quantum hvn,i emitted : 

Wn-W^^ hvna .... (106) 

The additional energy required to “ raise ” the electron to the 
higher energy level can be obtained in two ways : firstly by 
absorption of external radiation ; secondly (and that is the case 
we are dealing with here) by electronic impact. If external 
radiation of frequency vn,i falls upon the atom, a quantum 
hv^^i of this radiation is absorbed and is used to raise the 
electron from the energy level to the higher level Wu 
= ITj + hvna* falling from this to the original level, the 
electron then emits the light corresponding to the line absorbed. 
The circumstance is further noteworthy, that the electron, 
when it is raised to the level (2), has no other choice than to 
return to the initial level, whereas from orbit (4) it can make 
one of three possible transitions — to (3), (2), and (1). If, 
therefore, the atom has absorbed light corresponding to the 
line V 2 fi from the external radiation, it will re-emit this line 
with its full complement of energy. The first line of the 
absorption series is, therefore, in contrast with all other lines, 
a so-called reso7iance line. 

If the energy required to raise the electron is furnished by 
the impact of an outside electron, then — as Franch and Hertz 
were the first to prove — the intruding foreign electron will be 
reflected from the atom perfectly elastically (according to the 
mechanical laws of elastic impact), as long as its energy 
remains below a certain critical value If this energy 
value is reached, the impinging electron loses all its energy, 
and gives it up to the electron of the atom which has been 
struck (“inelastic impact"). What does this mean according 
to Bohr's view of the atom? Obviously Ejt is nothing other 
than TFg - Wj, that is, the energy which is necessary to raise 
the electron from its normal state in the atom to the orbit (2). 


The result of this electronic impact, which adds energy of 
amount Er to the atom must therefore be the emission of 
the resonance line. If this view represents the kernel of the 
matter, then the energy Er must be connected with the 
frequency of the resonance line by the quantum relation 

.... (107) 

This relationship has been excellently verified by experiment. 
Thus Tate and Foote , for example, find in the case of 
sodium, that the first inelastic electronic impact takes place 
when the impinging electron is accelerated by a potential 
of Vr = 2*2 volts, the so-called resonance potential. The 
energy communicated by this potential to the impinging 
electron is 


4*774. 10"i« X 2*12 
"x 10‘^ 


3*37 • 


On the other hand, the resonance line that ia under con- 
sideration here is the D-line, hence 

, ,, c 6*545. 10 “^7. 3. 1010 

-’X; BWTIu-T 3 S3 • 10 X 

We thus see that the relation (107) is fulfilled with great 
accuracy. The same holds for potassium [Vr « 1*56 volts, 
r.En - 2*47 . 10-12, « 7*686 - 10-® « 2*06 • IO- 12 ). 

In the case of the inert gases (helium, neon, etc.) and the 
vapours of mercury, 5!;inc and cadmium, similar qualitative and 
quantitative relations — with some modifications — occur. The 
excitation, by electronic impact, of the mercury resonance line 
X =a 2*536 . 10** ^ that is 2*636/, disoovored by Franck and 
Hertz, and already referred to, presents a ohamoteriatio 
example. The observed resonance potential is here 4*9 volts, 
while from the relation 


the value Vr =» 4*86 volts is deduced. 

If the energy of the impinging electron is increased beyond 
Er, then an ‘‘inelastic'* impact, accompanied by complete 
loss of the energy, is to be expected every time as soon as E 


various additions of energy the electron attached to the atom 
is raised successively to the 3rd, 4:th, 5th , . . level of energy. 
If, finally, E = = TTqo ~ energy of the 

impinging electron is just sufficient to remove the electron 
attached to the atom to infinity, i.e. to ionise the atom. 
is thus the ionisation energy, and the voltage corresponding 

to it, Fqo = — — ~ , is called the ionisation potential. Prom 
6 

the relation (106) we get immediately the important equation 

-®co = ^ =^v«,n • • • ( 108 ) 

That is to say, the ionisation energy is equal to the quantum 
which corresponds to the last line of the absorption series, that is, 
to the series limit.'* This quantum relation has also been 
excellently confirmed in all cases. For sodium, for example, 
Tate and Foote found : Fqq = 5*13 volts, which gives an 
ionisation energy of the value B^^ = 8*17 • 10"^^. On tHe 
other hand, the limit of the principal series has the wave- 
length Aqq j = 2*413 *10-^, from which hvc^i = * 10” ^2, 

in striking agreement with the value of B^ . 

Por mercury vapour, the limit in question of the principal 
series Xqo = 1’188 • 10 " Prom this follows, according to 
(108 ),*Fqo = 10*4 volts while the measurements of various 
workers gave the value 10*2 to 10*3 volts {Tate, Bergen, 
Davis and Goucher ; Hughes and Dixon; Bishop^). From 
all these examples, which could be considerably multiplied, 
the conclusion may be drawn with convincing clearness that 
the Bohr conceptions have laid bare the nature of the con- 
struction and the mode of action of the atom with un- 
precedented lucidity. 

§ IX. Einstein's Deduction of Planck's Law of Radiation on the 
Basis of the Bohr Atom 

Under these circumstances the suggestion naturally arises to 
refound the law of black-body radiation by taking as the ele- 
mentary absorbing and emitting structure Bohr's model in 
place of the linear oscillator used by Planch. Binstein has 
taken this step: In a highly important study he investigated 
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the equilibrium of energy and momentum between black-body 
radiation and a generalised Bohr model, which, stripped of all 
special properties, has only to fulfil the quantum condition of 
being able to assume a discrete series of different states. For 
the interaction between the radiation and the atom — absorption 
(Einstrahlung) and emission {Ausstrahkmg ) — ^Einstein intro- 
duces the following simple hypotheses : the frequency of the 
emissions, i.e. the transitions, accompanied by loss of energy, 
of the atom from a condition (2) of higher energy, to 
a condition (1) of lower energy, shall follow the same 
statistical law as that which governs the disintegration of 
radioactive bodies, i.o, the number of transitions 2 1 in the 

time dty or, as wo may say, the number of atoms (2) that dis- 
integrate ’’ in this time is proportional to dt • N^y whore 
denotes the number of atoms momentarily in the state (2). 

But, according to Einsteiiiy a different law regulates the 
processes called into existence by the effect of external radi- 
ation. Under the influence of external radiation two things 
may happen : either an atom may pass from state (1) to state 
(2) by taking up energy, this is the “proper positive absorp- 
tion.” Or the case may also occur, that, as a result of the 
phase-relation between the field of the external radiation and 
the atom, the atom loses energy through the action of the im- 
pinging radiation, and hence passes from state (2) to state (.1) 
(“negative absorption”). The rate at which both kinds of 
transition are repeated is then proportional to the intensity 
Kv of the external radiation : the number of transitions 1 2 

associated with positive absorption in the time dt is therefore 
proportional iiO Nj^dtKp; the number of transitions 2*-^l as- 
sociated with negative absorption is proportional to 
Here is the number of atoms momentarily in the state (1). 
Ni and are determined by the laws of distribution known 
from the theory of gases and statistical mathematics and en- 
larged in conformity with the quantum theory. There follows 
from the energy equilibrium between in-coming and out-going 
radiation at the temperature T 


Kv 


32-JSi 



( 109 ) 


where h. is Boltzmanns constant, and 4 is a constant inde- 
pendent of the temperature. From Wien's Displacement Law 
(4) it follows, firstly that A is proportional to and secondly 
that E 2 “ is proportional to v. If, therefore, we write 

E 2 - . . . ( 110 ) 

we recognise in this expression Bohr's frequency condition (92), 
In this way Kv assumes the form of Blanch's Law of Eadia- 
tion, arising in a surprisingly simple and elegant manner from 
a minimum of hypotheses of a general character. Einstein, 
in pursuing and deepening these conceptions by writing down 
the expression for the equilibrium of the momenta in addition 
to the energies of the in-coming and out-going radiation, was led 
to the remarkable conclusion that the radiation of Bohr atoms 
cannot take place in spherical waves, as the classical theory 
of electrons requires, but that the process of emission must 
have a particular direction like the shot from a cannon. We 
cannot fail to recognise that this brings the conception that 
radiation has a quantum-like structure (light- quantum hypo- 
thesis) within realisable bounds. 


OHAPTBE VII 

The Quantum Theory of Rontgen Spectra 

§ I. The Analysis of Rontg^en Spectra 

P ARALLEL with the development of the science of optical 
spectra, a theory of Eontgen spectra has been developed of 
late years upon bhe same basis. This theory has already shed 
much light on the structure of atoms and thus forms a 
desirable extension of the theory of optical spectra. The 
investigations of Gh. Barhla^ W. II, and W. L. Bragg, Moseley 
and Darwin, Siegbahn and Frinum,"^^ among others, have 
shown that by the impact of cathode rays upon the anti- 
cathode of a Eontgen tube two kinds of Eontgen rays arise : 
first, the so-called ''impact radiation" (Bremsslrahlung) con- 
sisting of an extensive and continuous range of wave-lengths 
(similar to the continuous background of visible spectra) ; 
secondly, the " characteristic radiation," a typical line-spectrum, 
the structure of which depends so essentially on the material 
of the anti-cathode that a glance at this spectrum suffices us 
to deduce immediately and unmistakably the nature of the 
material of which the anti-cathode is composed. Thus along- 
side the optical spectrum analysis of Bunsen and Kirchhoff a 
Eontgen- or X-ray analysis presents itself. It has further 
been shown that the characteristic X-ray spectrum is a 
pv/rely atomic property, and, indeed, an additive one. If we 
examine, for example, the X-ray spectrum, which is emitted 
by an anti-cathode of brass (copper -h zinc), we find the 
lines of both copper and zinc unaltered and occupying the 
same positions as if only one metal were present in turn. No 
new lines appear. Accordingly we are led to suppose that 
the line-spectrum arises in the atoms of the anti-cathode, and 
is generated there by the impinging electrons of the cathode 
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and a still longer-wave If-series. 

The most curious feature of these spectra is their connexion, 
by a definite law, with the atomic number of their element in 
the periodic system. If we plot the position of a certain line 
(say the first line Ka of the Z’-series) for the successive 
elements of the periodic system, a perfectly regular progres- 
sive shift is revealed: the line advances with increasing 
atomic number steadily towards the shorter waves. The re- 
gularity of this advance is such that we can recognise gaps or. 
false positions of elements in the periodic system immediately 
by an excessive jump. Now, according to the hypothesis, 
already mentioned, of Butherford^ v, d, BroeJcj and Bohr^ the 
atomic number of an element is nothing other than the 
number of its nuclear charge, that is, the number of elemen- 
tary positive charges of its nucleus. If to this we add the 
phenomenon just discussed, according to which the steady 
advance of the nuclear charge in the series of the elements is 
reflected in the steady displacement of the X-ray lines, then 
we are forced to the view that the origin of the X-ray spectra 
must he localised in the immediate neighbourhood of the nucleus, 
that is, in the inmost part of the atom. For in this region the 
nucleus clearly has the greatest power and is least disturbed 
by external electrons, and hence it is here, too, that the grovrth 
of the nuclear charge will make itself most felt. 

The connexion between the position of the X-ray lines and 
the atomic number z was first formulated by G, Moseley.^^ 
He found for the frequency of Z”" (first line of the Z-series) 
and La (first line of the Z-series) the empirical relation 

% - - i) ] 

[ . . (Ill) 

where N is the Bydherg number. 

The similarity of these relations, which are only approxi- 
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mately valid, with Bohr's formula (93) for the series of the 
hydrogen type is so striking, that it was an obvious step to 
seek to find the explanation of the Eontgen series by arguing 
on the basis of Bohr's model. 

This problem was attacked chiefly by W. Kossel,^^^ A. 
Sommerfeld,^^ L. Vegard,^ P. Behye,^^ J, Kroo,^^ and A, 
SmeJcal.^^"^ And thus, in addition to the theory of the optical 
spectra which take their origin at the periphery of the atom, 
a theory of the Eontgen spectra has arisen which leads us 



into the inmost regions of the atom. According to this theory 
we may picture to ourselves, in general terms, the emission 
of the Eontgen spectra as follows : we consider a neutral 
Bohr atom, consisting of a ; 2 f-fold nucleus, around which 
z electrons revolve. These z electrons may be arranged in 
different rings. The innermost, single-quantum ring, the so- 
called JSi’-ring, carries, let us say, electrons in its normal 
state ; let the second ring, the JD-ring, be a two-quantum ring 
occupied by ^3 electrons, the third, three-quantum, the Af-ring 
withjpg electrons, and so on (Pig. 11). The question whether 
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we can reach our goal with this conception of the ring by 
assuming the (quantum numbers to increase as we go outwards, 
and whether we are to take the rings as co-planar or inclined 
to one another will be left open. The preparation for the 
emission of the Z-series consists in this, that by the addition 
of energy— whether by absorption of external radiation or by 
electronic impact — an electron of the Z-ring is removed to in- 
finity, that is, the atom is, so to speak, ionised “ inside,” i.e. 
in the Z-ring. If the energy of the atom before this inner 
ionisation = Wq, and after the ionisation = then the 
amount - TFq of energy must be provided. Hence every 
radiation, the energy quantum of which satisfies the condition 

^ Wx - Wq, can on being absorbed effect the tearing of the 
electron out of the Z-ring. If we allow the v of the external 
radiation to grow slowly from small values, then, at the point 
Wtr - Wn 

'^K ^ sudden increase of the absorption occurs, 

because from this point onwards the external radiant energy 
is used for the '‘ionisation of the Z-ring.” Thus an absorp- 
tion-band extends from v = towards higher frequencies, the 
edge of the band lying at vjc. This phenomenon of the “ edge 
of the absorption-band” has already been interpreted above 
in the sense of the hypothesis of light-quanta. If the addition 
of energy is provided by the impact of a strange electron, 
coming from without, then its energy must he 
that is, E > hvj^f a relation, which we have already deduced 
earlier from the standpoint of the quantum hypothesis of light. 

By ionisation of the Z-ring the atom is now prepared for 
Z-emission. If now an electron falls from the 2-quantum 
L-ring into the 1-quantum Z-ring, filling up, so to speak, the 
gap produced there, then the first line of the Z-series, Za, 
will be emitted. If on the other hand the gap in the Z-ring 
is filled by an electron of the 3-quantum ilf-ring, or the 
4-quantum JYring, Z^ or Zy result respectively. The position 
is quite analogous as regards the L- and M-series. If, by the 
addition of energy (absorption or electron-impact), an electron 
of the Z-ring is battered off, that is if the Z-ring is ionised, 
then the atom is prepared for the emission of the Z-series. 
If, now, the gap in the 2-quantum L-ring is fihed by an 
electron of the 3-quantum Jif-ring, the first line of the Z-serie^ 
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Da, results ; if it is filled by an electron of the ^-ring, the 
second line of the D-series, Ly, results (the notation is not 
quite consistent but will serve the present purpose), and so 
forth. 

The converse phenomenon to line emission, viz. line absorp- 
tion, with which we are acquainted in visible spectra, appears 
at first sight to be missing here. That is, however, as W. 
Kossel 298 recently showed, an error. It is true that the ejected 
electron of the Jf-ring, for example, cannot in general be 
caught upon the D-, ilD, or iV-ring, because all places on them 
are already occupied. An absorption of the lines 7fa, K^, K , 
is therefore in this case impossible. But the electron of the 
/Dring can coiiiainly come to rest on an unoccupied quantum 
orl)it outside the occupied rings, that is, outside the surface 
of the atom. In this process a “line’^ is actually absorbed, 
namely, that line of which the hv is equal to the energy- 
difference between the Jf-ring and the final orbit of the ejected 
electron. This refinement of our considerations shows, then, 
that the electron from the AT-ring does not need to be raised 
immediately to infinity, but that line absorptions may occur 
before the edge of the band of absorption is reached. 

§ 2. The Fine-structure of Rontgen Lines 

It is particularly noteworthy that Sonimerfeld succeeded 
also in the field of X-ray spectra in explaining the fine- 
structure of the linos by calling in the aid of the theory of 
relativity. Thus, for example, the 2-quantum D-orbit is 
“double”; it can occur as a circle (n' « 0, n « 2) or as an 
ellipse (n' 1, n 1). Hence the line which is emitted 

by the electron of which bhe D-ring is the initial orbit, namely, 
Kaj is a doublet {Ka and ITa*)- same way, those 

lines for which the D-orbit is the final orbit of the electron 
are doublets, namely, the lino (more exactly La') to which 
is added to make a doublet; further, Ly which forms 
a doublet with Dj, and so forth. The distance between the 
components of the doublets (expressed in frequencies) comes 
out, according to Somnerfelffs Theory, as approximately pro- 
portional to the fourth power of the atomic number z. Hence 
here, in the X-ray region, where we are dealing for the most 
part with elements having fairly high atomic numbers, the 
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doublets appear macroscopically enlarged as compared with 
the microscopic hydrogen-doublet {z = 1). During the emis- 
sion of X-rays the electron approaches very near to the 
highly-charged nucleus, and hence the relativistic effects of 
the resolution of the lines are much greater than in the case 
of the optical spectra, in which the electron is moving at the 
surface of the atom, where it is almost entirely screened from 
the action of the strong nucleus by the remaining electrons. 
With the help of the following relation deduced theoretically 
and adapted to experimental evidence, 


i-doublet _ i, _ 
H-donblet ^ ^ 


( 112 ) 


Sonmerfeld was able to calculate the hydrogen-doublet from 
the observed i^-doublets, and compare it with the results of 
experiment. The agreement is very satisfactory. 


§ 3. The Distribution of Electrons among the Rings. Objections 
to the Ring-arrangement of Electrons 

The quantitative calculation of the simplest case, namely, 
the emission of Za, led Debye to the conclusion that the 
jS^-ring in the normal state consists of three electrons. To 
this KroOj by elaborating the calculation, adds the con- 
clusion that the D-ring contains in its normal state nine 
electrons. With these two distribution numbers, = 3, 
P 2 = 9, the position of Ka could be represented as a function 
of the atomic number z for all elements. The emission of Ka 
takes place according to the following obvious scheme : 



jBT-ring 

X-ring 

Normal state 

1 3 1 

9 


Initial state | 

2 1 

9 

} 

_\ 

Final state 

1 3 ( 

8 



) Ionisation of the X-ring. 
} Emission of Ka. 


The two distribution numbers (Besetzungszahlen) thus found 
for the two innermost rings excite our attention. For on 
the basis of the Periodic System with its periods of eight 
we ought to expect, according to Kossel^ the numbers 2 and 8, 
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The strange occurrence of the numbers 3 and 9 becomes 
an objection, when we consider the case of sodium {z « 11). 
Here, according to Kossel, we should expect the numbers 2, 
8, 1, since in all probability an electron (the valency electron) 
revolves alone, as in the case of all alkali metals, around the 
outside quantum orbit (ilf-ring). In any case it is impossible 
that the two innermost rings together should, in the normal 
state, contain 12 (= 3 + 9) electrons. If we attempt to go 
a step further still on the basis of Kroo's numbers 3 and 9, 
and to set up a formula which represents for all ^^'s the 
position of in conformity with observation, and thereby 
to determine the number of electrons on the ilf-ring, we 
find, as A, Smehal^ showed, that this mode of representation 
is impossible with any combination 3, 9, jpg. Nor do we fare 
better if we incline the various rings to one another, and take 
their interaction into account. The suspicion is forced upon 
us, that perhaps the whole conception of the arrangement 
into plane rings does not correspond with fact, but that, rather, 
the electrons in the atom form spatially symmetrical figures. 
This suspicion is very much strengthened by a series of pro- 
found investigations carried out by ilf. Born and A» 

Following on M. Born^s investigations of the dynamics of 
the crystal-lattice, which wo discussed in detail earlier in 
connection with the atomic heat of solids, the two in- 
vestigators asked themselves the question, whether it is 
possible to build up the cubic crystal-lattice of the alkaline 
halides (NaOl, NaBr, Nal ; KCl, KBr, KI, etc.) from ions of 
Bohr atoms, by taking into account only the mutual electro- 
static forces; and whether this method, if possible, would 
enable them to prophesy the crystal properties (lattice-con- 
stant, compressibility) from the atomic models of the two 
constituent ions. The answer to this question has been, on 
the whole, in the affirmative. But when the calculation of 
the compressibility of these crystals was carried out, the 
remarkable result manifested itself that crystals are found to 
be too soft, that is, insufficiently rigid, if the conception of the 
ring-arrangement of electrons in the atom is maintained. On 
the other hand, we get good agreement with the observations 
if, following Born, we introduce the hypothesis that the 
electrons are arranged spatially, A complex of eight electrons. 


as occurs in sodium, potassium, etc., does not therefore occupy 
a plane 8-ring ; the eight electrons describe paths of cubical 
symmetry. Into the still obscure region of these “ spatial 
electron paths, A. Lancld^^^ has made some successful in- 
cursions. 

From all that has been said it would appear to be certain 
that in dealing loith Bontgen spech'a, too, we can no longer be 
content with the arrangement of the electron rings in planes, 
and that the whole quantitative theory of the Ebntgen series, 
including Sommerf eld's fine-structure of the K- and the L- 
doublets, must be built up on a fresh foundation. 
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Phenomena of Molecular Models 

§ I. Dispersion and Magfneto-rotation of the Hg Molecule 

W HILE the X-ray spectra and the spectra of the optical 
series arise from the atoms of the elements (and hence 
their theory links np with the atomic models), there is a series 
of phenomena which, in the case of polyatomic substances, 
are peculiar to the molecules, and the theory of which 
therefore, is founded on the molecular models. Chief among 
these are the normal dispersion, the rotation of the plane of 
polarisation in the magnetic field (magneto-rotation), and, 
further, the great and complicated subject of hand-spectra. 
Up till a few years ago, dispersion and magneto-rotation had 
been exclusively treated from the standpoint of the Thomson 
model, that is, with the help of quasi-elastically bound 
electrons, and this explanation had served in turn as a 
powerful support for this model. Nevertheless, discrepancies 
in these theories had long been known. For example, 
measurements calculated upon the basis of the dispersion 
theories of Drude, Voigt, or Planch led to values for the ratio 

of the charge to the mass of the electron ( — j which, in com- 
® \mo/ 

parison with the direct measurements of this quantity (based 
upon the defieotion of the cathode- or ^-rays in the electric 
and magnetic fields) which were much too small. When, 
however, the Thomson model became displaced by the 
Butherford-Bohr model, and the successes of the Boh/r atomic 
model increased at an undreamed-of rate, the question arose 
whether an unobjectionable theory of dispersion and magneto- 
rotation could not be founded upon these new views. The 
difficult position, into which we are brought by this pi'oblem, 

iir 
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the molecule reacts upon external waves (dispersion). It is 
true that W, Kossel^^^ has, in a detailed study already 
referred to above, pointed out the general guiding lines along 
which, from the chemical point of view, the building-up of 
the molecule from atoms must be carried out, but the details 
of this construction remain open. Only in a few of the 
simplest cases have detailed molecular pictures been con- 
structed and closely tested. Thus Bohr^ as we remarked in 
discussing the atomic heat of gases, has already proposed a 
model of the diatomic hydrogen molecule. It has the follow- 
ing construction (see Fig. 8) : two singly-positive nuclei (that 
is, each consisting of only a single positive charge) are 
separated by the distance 2b. In the vertical plane which 
bisects the line joining the nuclei, two electrons rotate, 
diametrally opposite one another, on a circle of diameter 2a. 
The equilibrium of the Coulomb and the centrifugal forces 
requires that a = b^3. By means of this relation, and by the 
quantum condition that each electron must have the moment 


of momentum the model is completely determined in all 
Att 


its dimensions and speeds. It was this model which was 
the first to be proposed : it was examined by P. Debye 
with reference to its dispersion. On account of its sym- 
metrical structure the molecule possesses no electrical mo- 
ment in its normal state. If, on the other hand, it is struck 
by an external light wave, the motion of its electrons is 
periodically disturbed ; they depart from the normal quantum 
path, fall into forced vibration, and thus generate an electric 
moment which changes periodically in step with the external 
wave. Thus the original motion of the primary wave is 
changed, and dispersion results. We may conceive this as 
follows : Let c be the velocity of the primary wave in vactix). 
The oscillations of the electrons generate a secondary wave 
which spreads out from the molecules. All these secondary 
waves combine with the primary wave to a form new wave 
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3 , moves with the altered velocity q, the value of which 
xds on the frequency of the primary wave. But just 
^ ttie phenomenon of dispersion. The olecferonic vibra- 
-wLich occur here are not oscillations about positions of 
brixxm, as in the case of the quasi-elastic model, but 
ai^tions about stationary paths. Moreover, here, the force 
a_g the electrons, as opposed to the usual classical 
Les of dispersion, is anisotropic (that is, the electron is 
by dLifferent forces in different directions) ; above all^ by 
5 o/ this anisotropy, it loas possible to explain away the 

reeme?it in the value of — , tohich had previously been 

nUj 

: to he too small ; and Dehye succeeded, on the basis of 

lormal value of in deducing from the theory the 

ved dispersion curve of hydrogen, that is, the curve 
X shows how its coefficient of refraction depends on the 
-length. It should be noted that in the formula for the 
oient of refraction, no single constant is arbitrary, but 
ihe <dispersion formula is made up entirely of universal 
ants. 

ing the same method (calculus of disturbances), P. 

S05 has caloulated the rotation of the plane of 
isation which linearly polarised light undergoes in its 
ge through hydrogen under the influence of a magnetic 
His efforts were equally sucoossful. 

f. Objections to Bohr’s Model of the Hydrogen Molecule 

spite of the successes which the Bohr model of the 
>gon molecule has won, a list of weighty objections to 
s accumulated in the course of time. That the oou- 
}ion which the rotation (more accurately, the regular 
-ssion) of this molecule makes to the molecular heat at 
emperatures, does not correspond with the observations 
ziche7%, has been shown by P. S'. Epstein^ as we have 
dy raentioned. Also at high temperatures, when the 
ations of the two nuclei relatively to one another oon- 
be to the molecular heat, no agreement between theory 
►bservation has been found in the ease of the Bohr model, 

. Lci.s&'i 30® recently showed. 




Further, the model must possess, in consequence of the 
reyolying electrons, an almost fixed magnetic moment parallel 
to the h.xis of the nucleus, that is to say, it must be equiyalent 
to a molecular elementary magnet, which endeayours to set 
itself, in an external magnetic field, parallel to the lines 
of force. Hydrogen ought, therefore, to be paramagnetic, 
whereas it is diamagnetic. 

Another very important objection, to which Nernst in 
particular drew attention, is the following : if we calculate 
the work which is necessary to separate the molecule into 
its two atoms, the so-called heat of dissociation, we get 307 the 
value, 61,000 calories. On the other hand, Langmuir sos found 
84,000 cals., Isnardi^^ 95,000 cals., J. Franch, P. Knipping 
and Thea Kruger 81,000 (± 5700) cals. In any case, the 
calculated heat of dissociation comes out 25 per cent, too 

small.3ioa 

Finally, TF. Lenz 3ii has recently increased the objections 
to the hydrogen model by an important one based on a 
theory of band-spectra, which we shall discuss below. He 
proved that the band-lines of hydrogen and nitrogen can 
exhibit the observed Zeeman effect, only if these molecules 
possess no moment of momentum around the nuclear axis. 
The fact that the two electrons in Bohr s molecular model 
revolve in the same sense, however, endows it with just such 
a moment of momentum. On the whole, the Bohr model does 
not seem to coyrespond to reality ; the arrangement of the two 
nuclei and electrons must plainly be quite different. No 
satisfactory model, however, has yet been found. 

§3. Models of Higher Molecules 

Matters are no better in the case of models of the more 
complicated molecules. It is true that Sommerfeld and 
F, Bauer 3i8 have also worked out the theories of dispersion 
and magneto-rotation in the case of the more general Bohr 
models (N 2 and Of) which are constaucted on the lines of the 
hydrogen model. According to Sommerfeld, four electrons 
revolve about the line joining the two nuclei in the case of 
oxygen, each of which acts with an effective charge -t- 2e ; in 
the case of nitrogen, a ring of six electrons rotates about the 
unclear axis, while the nuclei carry triple effective .charges. 


QUANTUM THEORY OF BAND-SPECTRA 121 


Sormierfeld was able to obtain agreement with observation only 
by setting up for each electron of a valency ring of 2s-eleotrons 
the unaccountably strange quantum condition : moment of 


h — 

momentum = undoubtedly 


most unsatisfactory 


result. Gerda Laski^'^^ obtained better results with some- 
what different models, which she chose in such a way that 
the specific heat of the two gases at high temperatures agreed 
with the observations of According to her ideas, the 

nitrogen molecule must consist of two seven-fold positive nuclei, 
each of which is closely surrounded by a 1-quantum ring of 
two (or three) electrons. The ‘‘valency ring" in the central 
vertical plane is 2-quantum and contains ten (or eight) 
electrons. Analogously, the oxygen molecule consists of two 
eight-fold positive nuclei, each encircled by a 1-quantum ring 
of two (or three) electrons, whereas the 2-quantum valency 
ring contains twelve (or ten) electrons. The same objections 
apply to some extent to these models of Sommerfeld and LasM 
as to the hydrogen model. For example, they give no account 
of why oxygen should be paraxnagnetio, and nitrogen, on the 
other hand, diamagnetic. Moreover, the above-mentioned 
objection of Lenz applies in full force to these models ; for 
they all possess moments of momentum around the nuclear 
axis. In conclusion, we feel bound to admit that the exact 
constitution of even the simplest models is at present unknown 
to us. 


§ 4. The Quantum Theory of Band-apectra 

To conclude this chapter, we shall turn our attention to the 
band-spectra^ and collect together shortly w^hat the quantum 
theory has been able to assert about them up to the present 
time. That they belong to moloculcs and compounds may 
nowadays be regarded as certain. The first attempt to con- 
struct a logical quantum theory of band-spectra was under- 
taken by K, Sohtoarzscliild^^^ who clearly recognised the 
importance of the rotation of the molecule in the production 
of these spectra. His conceptions may be defined as follows : 
a system of electrons revolves at a definite quantum distance 
around a molecule which itself rotates according to quantum 
conditions, the assumption being made for the sake of 



aimplioUy that the motion of the oleotrons is not influenced 
by the motion of the inolcoulo. If is the quantum energy 
of the olootronH, E,- the quantised rotational energy of the 
molooula, then 4- itV E m the total energy of the system. 
If the three chief rnonunits of inertia of the molecule Jare 
e(|ual to one anotluu’, then it follows, just as in (80), that 

" BttV 

whore n denotes the rotational quantum number. Therefore 




BttV 


(118) 


If, now, the Hystum passt^s from one (juantum state having 
the edeotronic ene^rgy and the rotational quantum number 
n into another quantum state having the eluotronio energy jE'q 
and the rotational t|uanturn number n\ then it follows from 
Bohr'u freciuenoy formula (92) that the, frequency of the line 
radiated is given by 


t/ m 


K 


-E\ 

h" 



~ n"^)h 


(114) 


If we keep all the quantum numbers which occur here, except- 
ing n, constant, and allow n to vary, them we get a series of 
lines progressing towards the violet and having the frequencies 

V « a 4- (a and b are constants) , (116) 

This is a formula which had already been given empirically 
by DeBlaTtdreSf^^’^ and which is approximately true for the lines 
of many bands. 

’EoWomng SohwarzBohild, T, mA W, 

in particular, have further developed and refined the quantum 
theory of band-spectra. For example, Lbum has pictured the 
molecule as a symmetrical top having two moments of inertia 
and a rotational rigidity (moment of momentum) around the 
axis of the figure, and hence deals from the outset with a regular 
precession of the molecule in place of a rotation. Using 
BqWb frequency formula, and applying the principles of 
selection, he obtained the following general formula for the 
lines of a band : 

j/ «" a 4- 4- on^ {a, 6, o are constants) . (116) 
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which is obeyed, according to Heurlinger, in the case of the 
so-called “cyanogen” lines of nitrogen, for example. In 
addition to the lines given by (116), Lenz's Theory requires the 
occurrence of the series given by the formula 

V = (a + ^ + . . . (117) 

for the case that the molecule really possesses a finite moment 
of momenkim about its axis of figure, A series which follows 
this law does not, however, exist in the cyanogen bands, ac- 
cording to Heurlinger, Lenz deduces from this the conclusion 
already mentioned, that the nitrogen model does not possess 
a rotational rigidity about its axis, By calculating the 
Zeeman effects of the band linos, and comparing them with 
observation, Lenz was able to confirm this, and to extend it to 
the hydrogen molecule. 

The infra-red Bjerrtmi absorption bands of the diatomic and 
polyatomic gas compounds, which we had discussed at length 
in Chapter V, belong to the general type of band-spectra. If 
we are to deduce them from a theory consistently founded on 
quanta — and not, as we did earlier, half according to the 
quantum, half according to the classical theory — we must 
follow closely the course pursued above, with the difference 
that, in place of the energy of the electronic system there will 
appear the energy of the atoms , with which the rotational 
energy of the molecule is combined, as a first approximation, 
additively. The logical carrying out of this calculation (in 
which Bohr's frequency formula and the principle of corre- 
spondence are applied), which was undertaken by Heurlinger ^21 
and the author,22a gives for the structure of the “fluted'* ab- 
sorption bands an arrangement of lines which at first sight 
does not appear to agree with the beautiful and exact measure- 
ments of Imes.^3 The theory gives for the position of the 
absorption lines a formula 

V ^ ± {n i) «» 1, 2, 3 , . (118) 

and therefore requires that all neighbouring lines be equi- 
distant, including the two in the middle {fi « 0). On the other 
hand, Imes* observations show with indubitable clearness that 
the interval between the two middle lines is Uoice as great as 
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the inberval between all neighbouring lines. This apparent 
contradiction is explained, as A, Kratzer^^^ recently showed, 
in a surprising fashion, if we take into account the intensity 
of the absorption lines according to Bohr's Principle of Analogy. 
Por it then appears that the first absorption line to the right 
of the middle VQ-line, namely, the line 

h 

y = v,+ ^ 

(which is derived from formula (118) by setting n = 0 and 
using the positive sign for the second term) is of vanishingly 
small intensity. This line is generated when the molecule 
passes over from an initial rotationless and vibrationless state 
into the final state in which the two ions oscillate relatively 
to one another with one quantum, and in which, at the same 
time, the molecule rotates as a whole with one quantum. The 
rotationless and vibrationless state has, however, a vanishingly 
small probability ; the number of transitions from this initial 
state per second, and therefore the intensity of the correspond- 
ing absorption line, is hence vanishingly small. By the dis- 
appearance of the first line to the right of the middle position 
Vq, the structure of the lines as observed by Imes is actually 
reproduced, as one may easily recognise ; in the formula, the 
“ middle’' of the line structure is displaced from the point vq 

h 

to the right by the amount The absorption lines group 

themselves equidistantly and symmetrically on both sides of 

h 

the missing “ middle," v = This state of affairs 

may be expressed by writing, in formal agreement with (83), 


where 




(119) 


a. ^ 

>'o = >'o+g;^ 

From the constant interval between neighbouring lines, namely 

. . ,( 120 ) 

the moment of inertia of the rotating molecule can be cal- 
culated with great accuracy. 828 


GHAPT.ee IX 


The Future 

I N the preceding pages the author has attempted to give 
in broad outline the most important features of the 
doctrine ot quanta, its origin, its development, and its 
ramifications. K we now survey the whole structure, as 
it stands before us, from its foundations to the highest story, 
we cannot avoid a feeling of admiration ; admiration for the 
few who clear-sightedly recognised the necessity for the new 
doctrine and fought against tradition, thus laying the founda- 
tions for the astonishing successes which have sprung from 
the quantum theory in so short a time. 

None the less, no one who studies the quantum theory 
will be spared ))ittor disappointment. For we must admit 
that, in spite of a comf)rehonsivo formulation of quantum 
rules, we have not come one step nearer to understanding 
the heart of the matter. That there are discrete mechanical 
and electrical systems, characterised by quantum conditions 
and marked out from the infinite continuity of ** classically” 
possible states, appears certain. But where does the deeper 
cause lie, which brings about this discontinuity in nature? 
Will a knowledge of the nature of electricity and of the con- 
stitution of the electromagnetic field serve to read the riddle? 
And even if we do not set ourselves so distant a goal, there 
remains an abundance of unanswered questions. The 
decision has not yet been made, as to whether, as Planch's 
first theory requires, only quantum-allowed states exist (or 
are stable), or whether, according to Planch's second formula- 
tion, the intermediate states are also possible. We are still 
completely in the dark about the details of the absorption 
and emission process, and do not in the least understand 
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why the energy quanta ejected explosively as radiation 
should form themselves into the trains of waves which we 
observe far away from the atom. Is radiation really pro- 
pagated in the manner claimed by the classical theory, or 
has it also a quantum character ? 

Over all these problems there hovers at the present time 
a mysterious obscurity. In spite of the enormous empirical 
and theoretical material which lies before us, the flame of 
thought which shall illumine the obscurity is still wanting. 
Let us hope that the day is not far distant when the mighty 
labours of our generation will be brought to a successful 
conclusion. 
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surface x time 

From this it follows that 

[Kk] = 

If we set 


Ki/ = const, * ‘ 

then, remembering that T has the dimensions of energy, we get 
= const, 

= const, [m^ • 


Hence aj = 2; 2/ = l; « = ~2 

1/2 

which gives us, Kj; = const. . L . T. 

This relation is not, however, as we shall see, generally valid. In fact, 

00 

it would give no finite value for JBT 5= 2 j 'K.vdu. But, according to the 

0 

Stefan-Boltzmann Law (3), ^ = y* T*, Hence the constant of Kv may 
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that 
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CO of tho moan value, with rospocfc to tinie, of fcho onorgy of a 
llator, we may use tho spatial moan value of tho moniontary 
j whole system consisting of very many oscillators. 

3 second, more diiliculb part of tho oaloulafciou, Vlanck takos his 
. tho socond law of therniodynamios, and scoks, from this view, 
no a phaso-quatitifcy S of tho oscillator, wiiioh possoBSos tho 
a property of tho entropy, that it incroasos in all irrovorsihlo 
Ho arrived at blio solution : 

on posscasod, as J?lanck showed, tho required property of ou« 
fc was not tho only function with this property. And in fact 
later, that in the doduotion of tho above expression, a readily 
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n be Nlf. The “state” or phase of tho oaoillator- 

probability of which is to bo oaloulatod, is then dofinod by tho 
7 osoillators possess tho onorgy t/iv. Wo divide Ujv into 
.ents «, so that 

t7«P<s. 

r of possible ways of distributing F balls among N boxes is. 




(iV P - 1) I 
*(^ - i)tPi ' 


efore the probability of the state, which oorresponds to the 
ot P energy elements among N osoillators. P. Ehrenfest and 
ngh-Ormes give a very simple deduotion of this formula in 
s. 46, 1021 (1916). 

mentioned in the text, which is due to Bolkmann^ states 
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hat the entropy Sif of the oscillator system is connected with the prob- 
ability Why the fundamental relation - 

SN=h\ogW \ 

where fe is a constant. 

In this theorem of Boltzmann the following law of the growth of en- 
fcropy (second law of thermodynamics) is contained : if a system passes ^ 

from an improbable condition into a more probable one, then by this j 

transition W', and therefore the entropy /Sf, increases. If we here insert the j 

value of W, and, since N and P are very large numbers, use Stirlmg's \ 

approximation formula | 

\oge(N\)-=N{\og6N - 1 ) 

then, if we set for P, N we get by an easy calculation i 

and hence the entropy S of one oscillator becomes : 

But according to the Second Law (see note 20) 

^ _ 1 
dU‘^T‘ 

If we carry out the difierentiation on the left-hand sideband solve the re- 
sulting relation between U, T, and e, with respect to we get the ex- 
pression (9) of the text. 

24 Of. the paper by Ehrenfest and KamrlingJi-Onnes cited in the 

previous note, ! 

25 This law is essentially identical with Boltzmann's JET- Theorem. Of. 

L. Boltzmann^ Vorlesungen uber Gastheorie Bd. I, p. 38 (1896) ; Sit- 
zungsber. d. Wiener Akad. d. Wiss, (II) 76» 373 (1877). Of. also P. 

Ehrenfest, Phys. Zeitschr. 15, 657 (1914). 

26 H. Bubens and F. Kurlbaum, Sitzungsber. d, Berl. Akad. d. Wiss. 

1900, p. 929 ; Ann. d. Phys. 4, 649 (1901). 

27 p. Paschen, Ann. d. Phys. 4* 277 (1901). 

28 L. Holhcnm and 8. Valentiner, Ann. d. Phys. 22, 1 (1907) ; Odblentz, 

Physical Review, 31 , 317 (1910) ; E, Baisch, Ann. d. Phys. 35 , 643 (1911) ; 

E. Warburg, (?. Leithduser, E. Hupka and C. Milller, Ann. d. Phys. 40, 

609 (1913) ; E. Warbturg and C. Milller, Ann. d. Phys. 48, 410 (1916). I 

29 W, Nernst and Th, Wulf, Ber. d. deubsoh. phys. Ges. 21, 294 (1919). 

80 Lord Bayleigh, Phil. Mag. 49, 539 (1900). > 

81 The “ Stefcm-Boltzmarm constant of total radiation” a-, introduced 
in note 16, has therefore the value 

^ 2ir^k* 

"■ “ i6cW‘ 


NOTES AND REFERENCES 


133 


32 In order to determine the constants 1% and k whioh occur in the 
radiation formula, we can, instead of using the equation ; \max . T = 
const., compare other relations with the measurement of the total 
radiation. For example, we can proceed as follows : At a constant 
temperature T we measure the ratio of the intensity of radiation for two 
different wave-len,:^th8 and Xg (isothermal method). Now this ratio 
is, according to (16) 


' 


■&)“ 


c 

K./1' 


- 1 


c_ 

- 1 


whore C • 


he 


From this relation, since everything excepting C is known, C, that is, 


h 


may be calculated. Another method is the following : we mea-^ure for 


a fixed wave-length x the ratio of the intensity of radiation at two 
different temperatures and (isoohromatio method). Then it follows 
that 

C 






- 1 






This is a relation from which C, that is,^; can again be calculated. 

rC 


With the help of these methods, the researches, (or example, of 
Wa/rhivrg and his co-workers cited in note 28 have yielded vajuea for 


oh 


which lie in close proximity to C * 
ic 


! 1*430. This value was taken 


by Nermt and Wulf (see note 29) for their critical investigation. 

For the constant of Wien^s Law of Displacement in the form Xmax . T 
« 6 we would accordingly get from (16) : 


C 

f 9661 


0*288 


a value smaller, therefore, than that given by direct measurement (see 
note 16). Whether Warburg's value, C » 1*480, or the measured values 
of 6(> 0*29) or both, are seriously affected by experimental error, or 
whether after all — as Nernst and Wulf maintain— formula is 
not light, must be left for the future to decide. 

aajhr. Planch, Ann. d. Fhys. 4, 668 (1901). 

84 If we apply Boltzmcmn's relation S « /fi log TT (quoted in note 16), 
whioh connects the entropy S with the probability of state W, to one 
gramme-molecule of an ideal gas, then by calculating the probability of 
a certain state, i.e. a certain distribution of velocities among the 
molecules, we arrive at the following value for the entropy of the gas 


8 « kN{^ log! U + log V) + const. 




I 


rrlHi xnxLi^^xvi 

Of., for exainplG, M, PlcLTich^ LecturGS on tliQ Th.eory of Kadiation 
(1906), §143.) Here N is the number of molecules in a gramme- 
molecule {Avogad/ro'& number), U the energy, V the volume of the gas. 
Now, according to the Second Law of Thermodynamics, 


dS^ 


dU + pdV 
T 


must be a complete differential, where i) and T denote pressure and 
temperature of the gas. Hence the relation 


must hold. 


This gives 


VdVju T 


V T’ 


i.e. JO == 


IcNT 


If we compare this with the equation of state of an ideal gas in thermo- 
dynamics, get for the absolute gas constant It the value 

R^UN 


from which formula (19) of the text follows. 

35 If. Plancky Ann. d. Phys. 4i 664-556 (1901). 

38 Compare, for example, the table of the values ot Avogadvo^s number 
given in the repoit of /. Pemn at the Solvay Congress in Brussels 
(1911). [A, Eucken, Die Theorie der Strahlung und der Quanten. 

Abhandlungen der Bunsen-Gesellschaft Nr. 7 , Wilh. Knapp, Halle 1914.] 

37 B. A. Millikan, Phil. Mag. (6) 34, 13 (1917). 

2&Ibid., from the values given by Millikcun for the electronic charge 
g = 4*774 X 10"^® (electrostatic units) and from the electrochemical 
constant F = 969*4 . 2*999 . 1010 electrostatic units, there follows for 
A%>ogadrd*& number the value 17 = 6*0617 . 1023. 

38 Of., for example, IRT. Gihhs* Elements of Statistical Mechanics, 
Chapter V. 

fOThe term “mean value “ may be taken as referring to time or to 
space. If we select a definite atom, and follow it a long time upon its 
zig-zag path, and from the mean of the values which its kinetic energy 
assumes in the course of time, we get the “time-mean,” If, on the 
other hand, we select a large number of identical atoms of the gas at a 
particular instant and again form the mean of the values of the kinetic 
energies which these atoms possess at the instant in question, we get 
the “ space-mean.” 

ti n fljis the elongation of the oscillator (electron) vibrating with the 
natural frequency, then a = A sin (2jrj/t), where A is the amplitude and 
f yietime ; the mean kinetic energy becomes 

E « = lm{A ■ . oos=“. (W) = 


NOTES AND REFERENCES 


136 


The mean potential energy is : 


V = ^m(2iru)V = Jm(27rF-4)^ , ain^ = ^m(2'irvA)'^. 


Hence, as stated, Jj= F: Le. the mean kinetic energy = the mean 
potential energy, 

42/. H, Jeans, Phil, Mag. 10, 91 (1905). 

43 JET. A. Lorentz, Proc. Kon. Alcad. v. Wet., Amsterdam 1903, p. GCG. 
— The theory of electrons (Toubner, Leipzig 1909), Oh. II. 

44^. Einstein and L. Hopf, Ann. d. Phys. 33, 1105 (1910). 

48 A. D. Eohher, Ann. d. Phys, 43, 810 (1914). 

46 M. Planck, Ber. d. Berl. Akad. d. Wiss., 8 July 1916, p. 612. 

47 IX, A. Lorentz. Die Thoorie d. Strahlung u. d. Quanten ; Abhand 
Inngen der Deutsohen Bunaen-Goaellschaft. Nr. 7. v. A, Bnchen 
Halle, W. Knapp 1914 pp. 10 et sag, 

48 By a suitablo modification of classical statistics in the sense of the 
quantum theory, we can obtain the expression (9) for the mean energy 
of an oscillator in the following manner which is worthy of notice. 
Let a number N of similar oscillators with the most varied values for 
the energy be given. We require to find how great is the probability 
w, that an oscillator possess a certain energy value 17; or, otherwise 
expressed, how many of the N oscillators possess the energy 17. In 
order to answer this question, we find it beat to take first of all the 
standpoint of Gibbs' statistical mechanics, that is, of “classical” 
statistics. In place of the special case in question, namely, that of the 
linear oscillator, let ns consider at once quite generally a system of / 
degrees of freedom, and oharaoteriao it by / generalised co-ordinates 

by the corresponding impulses or momenta * • • Pf- 

(Here, the impulse pi is thus defined : form the kinetic energy of 


the system as a function of the generalised velocities Qi « the 




'dL\ 


dt' 




In particular, the linear oscillator (vibrating electron) will 

bo dosoribod by a co-ordinate q, namely, the elongation of the electron, 

and the impulse p «= In general, therefore, 2/ quantities are 

necessary in order to define completely the momentary state of a 
system. Hence we can represent this momentary state by a point 
(“ phase-point”) in the 2/-dimen8ional space in which gj . . , p/ (of the 


“ phase-space”) are co-ordinates. 

We now consider a number N of similar systems of this kind, 
which are in thermodynamic equilibrium with a very largo reservoir 
at the temperature T. Then the probability that the co-ordinates 
and impulses lie in the small intervals Si . - . dg^, etc., and 
jPi . . . -i- etc., that is, that the “phase-point” of the system lie 

in the element dn ^ dg^dg^ . . . dgj, dp^dp^ , , , dpf of the phase- 
space is, according to QihhSj 


f JS 


I 


1 

i 






Horo E iti the energy of the sysfeem, and h is the constant defined in 
(19). The integration in the denominator is to be taken over all 
possible values of the 2/ quantities . jp/*, or, as we may say, over 
all possible “phases,” or over the whole region of the phase-space 
concerned. 

Among the N systems there are then Nio, whose phase-points lie in 
the element do. of the phase-space. This -is therefore a “ distribution ” 
of the N systems over the phase-space. This distribution is called 
Canonical ; it represents a generalisation of MaxiuelVs familiar law of 
distribution of volooities which may be deduced from it by special- 
ising it for the case of the gas-atom, that is, by setting / =s3. 

The sum of all probabilities is naturally 1, Indeed, it is at once 
clear that 

For the mean value of the energy E we get 

F =2JSw ■ 

r 

je 

If we apply this equation to the linear oscillator we get 





17= ll + 2irV%?t25'. 


Now, 

i.e. 



If we introduce the auxiliary variables ^ and defined by 


{ 


f aa 

V “ and hence dqdp = l-d^dy} 
J2vi ’Tj/ 


we get 




and, therefore, it suggests itself to us to write 

/ 1 = sj~^ oos <p 
It? = jUQin(l>; 


where </> is a parametric angle. If we mterpret f and i? as Cartesian co- 
ordinates of a point in the plane, then fj ^ and (p are the polar co-ordinates 


> 




\ 


I 


I 
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of fclda point. The element of surface d^dr) is written in polar co-ordinates 
as we know, thus 

d^dri JV{djV)d<li = idUdcp 

hence 

(l^dp = = J-~dXJdd,. 

TTV ^TTU 

Hence 


J jm~n'dud,i> jxj^-hiu 

^ SS 0 t|f> rs 0 (I 

r>5 2rr QQ 

j jo '‘"^dUd,!, 

a-o <1,1^0 0 


in agteement with (i24,). This is the standpoint of classical staUstics. 

The quantum stalisiios of the osoillator may be Inaraediately deduced 
finm th'fi, if we elaborate the canonical law of distribution 

_ e **dqdp 
jo ^dqdp 

in a suitable manner 

If we hero again introduce dg^dp » — and integrate with respect 
to wo got 

- M 

tUif ssa e ^^dU 

/ ~e^dU 

OH tho probability that tlio onorgy of tho oscillators lies between XJ and 
U^dU. 

Now the quantum theory demands tliat the energy U shall assume only 
the dlsorete values . . . TJn^ The transition may best be 

efleoted by laying down the condition : E shall only be able to assume the 
values contained in the narrow intervals between Vq and Uq + «, and 
Ui "i- a, and generally Un and Un -h a. Then dU » a, and the integral in 
the denominator ohaugos into a sum. Thus it follows that 


AT*' a 

y, 

kT 


6 kT 




thus a is eliminated ; if we now proceed to the limit a 


0, w remains 



I 


im 
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unaltered. Heiice Wn is the canonical dist/rihution function generalised 
for quantum conditions, and hence, among N oscillators, Nwn have an 
energy of the value Un. 

We now get for the mean energy 

U»e kT 

u = Xu„v,„.^ ^ ^ 

n ji 

kT 



Now, according to the first form of the quantum theory, 

Un = ne « nhp (?i =: 0, 1, 2, 3 . . . 00 ). 

Tlierefore 




u- = 




kT 


,Si- 

s, 


If we Bet for oouvenionoo, = x, thaii 




E’urther, 


dec 




'Se‘ 

0 




1 - e" 




from which we get 


(y S3 € 


,1 

ekf ^ I 

in agreement with (9) 

The oauouical distribution may bo still further gonoralisod by the intro- 
duction of certain “weight factors,'’ which are intended to express the 
fact that the individual quantum states of the system considered have, 
a priori, different probabilities. This happens, for example, if each quantum 
state may be realised in different ways, and if the number of these possi- 
bilities of realisation is different for the different quantum states. Then, 
the different states will have different “weights,” and a “ weight factor" 

pn has to be included in the experimental function e "'kr that the can- 
onical distribution function assumes the form 






“TP-II e kT 

Here 0 depends on the temperature ; pnt on the other hand, does not. 
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49 A. JOinstein, Ann. d. PhyH. 17, (1905) ; 20, 199 (190C) ;* Verhandl. 

a. deufcBch. pliysikal. Ges. 11, 482 (1909) ; Borichb Einstein auf dem 
Solvay-Kongresa in Brussels 1911; of. A, Euchm, Die Theorie der 
Sbrahlung und dor Quanten ; Abhandl. d. deutsch. Bunsen-Gesellscliaft, 
Nr. 7 (Hallo, W. Knapp 1914), pp. 330 et seq, Cf. also TK. Wien^ 
Vorlosungen iibor neuore Problome der theorotischen Physik (Tenbner, 
Loipzsig and Berlin 1913), 4, Yorleaung. JI. A. Lorentz, Les theories 
statisbiques on bliermodynamiqiio (Toubner, Leipzig and Berlin 1910), 
§§ 42 dii seq. 

80 A. Einstein, Ann. d. Phys. 17, 132 (1905). 

81 A, Einstein, Pliya. Zoibscbr. 10, 186 (1909). 

82 This formula may bo deduced as follows : Eirsbly, from e ^ E - Fj 
the frequently used relation 

€9 » J0U . E + (!?)« =: M'- {Ef 

follows. In order now bo calculaio tho two quanbibios W (mean of the 
squares of the energy) and {Ef (square of the mean energy), which 
are known to differ from each other in general, we do best to take the 
standpoint of Gibbs^ sbatiatioal meohanios (see note 48). According to 
this, the probability that the co-ordinates and impulses lie in the small 
intervals 4- dq^, eto., • Vi + #i» that tho 

“phase-point” lios in tho element . . , dqfdpidp .2 . . . dp/ ^ dn 

of the “ phaso-spooo” ; 

A’ 

e 

A’ " * 

Then tho mean of the energy follows in the usual way ; 

n 

.. ^ .. 

j e 

Likewise, 

A . 

J e 

We then form 



« - {E}^ sa 
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We also arrive at the same formula, if instead of the classical 
canonical distribution function, we start from the quantum distribution 
function 


^ The mean energy of radiation of frequency j/ in the volume v is 
A’ =vuvdy, where the monochromatic density of radiation is 


__ SttTiv^ 1 

c * hv 


iiFlancWs Law is taken as the basis. (Cf., for example, M, Planch, 
Lectures on the Theory of Kadiation, Engl. Transl.) 

According to formula (28) deduced in the previous note, it therefore 
follows that 


hThdv % = 

dT / hv \ 2 

1 ) 

hv 

If we eliminate T on the right-hand side by substituting for its 


value 1 -f- it follows that 


: UyVdp . hp + 


chiHdp 


6^ = JS . fiv + 

Snp'^vdp 


The second term on the right is required by the Undulatory Theory 
for at each point of the volume v the most varied trains of waves o 
radiation cross one another’s paths with every possible amplitude anc 
p ase. Q^e interference of all these waves thus generates at the poini 
considered an intensity, which varies continually, and hence the energi 
of the volume v also varies. If we calculate the mean of the sqnari 
o{ the energy, i.e. .2, we find precisely the second term of the abovf 

iw™ Lea theories statistiques er 

Leipzig and Berlin), 1916, pp. 114 ^sea.) 
theoJl n ®^la-ined by the olasaioal undulatory 

fvf ^ hand, it becomes endowed with meaning if we 
suppose that the radiant energy consists of a certain whole number 
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H) oi finite ei^rgy^oomplexes oi the value hp. For then E ^n*hu, 
and therefore E —n' ?i»/,_where n is the mean about which the number 
n varies. If S = n be the variaUon of the number w, then it 

follows that e = E - E S?^^^wh^re == 5^ ' /tV. But, according to 
a well-known law of statistics, ^ example, H. A, Lorentz, 

loo, cU.y §§ 26 and 27.) Hence == nh^j ,2 ^ E-hv, This is exactly the 
first term in the above formula. 

Einstein^ Ann, d. Phys. 17, 144 (1905). 

8a J, J, Thomson^ Conduction of Electricity through Gases. 

86^. Einstein, Ann. d. Phys. 17, 147 (1905). 

87 Of. R, Pohl and P. Pringsheim, Die lichtelektrisohen Erschein- 
ungen. Sammlung Vieweg Heft 1 (Braunschweig 1914). 

88 A. Einstein, Ann. d. Phys. 17, 145 (1905). 

89 B. A, Millilcan, Phys. Zeitschr. 17, 217 (1916). 

60 According to Pohl and Pringsheim, we have to distinguish between 
the normal and the selective photo-efiect : in the case of the normal 
efieot the number of electrons tom ofi (per calorie of the light-energy 
absorbed) is independent of the orientation of the electrical vector of the 
light-wave, and increases, starting from an upper limit of the wave- 
length, in general uniformly as the wave-length decreases. In the case 
of the, selective effect, on the other hand, which only appears when the 
olootrioal vector of the light-wave possesses a component vertical to the 
metallic surface, the number of electrons torn ofi (per calorie of light- 
energy absorbed) shows a decided maximum at a definite wave-length. 

QtOh. Ba/rhla, Phil. Mag. 7, 643, 812; 15,218. Jahrb. d. Radioak- 
tivifcab u. Eloktronik, 6, p. 239, 1908.-— C^. Barkla and Sadler, Phil. Mag. 
17, 739. — Ch. Barkla, Jahrb. d. Radioaktivitat u. Elektronik, 1910, p. 
12. — M. de Broglie, 0. R. 26 May and 16 June 1914, p. 1785. — Gh, BarJcla, 
Phil. Mag. 16, 650.— B. Wagner, Ann. d. Phys. 46, 868 (1916); Sit- 
zungsber. d. bayer. Akad. 1916, p. 33. 

82 Z). L, Webster, Proc, Americ. Acad. 2, 90 (1916) ; Physic. Review, 7, 
687 (1916). 

63 E. Wagner, Ann. d. Phys. 46, 868 (1916). 

64 Of., for example, E. Wagner, Phys. Zeitschr. 18, 443 (1917). The 
value that Wagner calculates for his: h ^ 6*62 . 10~27. 

66 W, Duane and F. L, Htcnt, Physio. Review, 6, 166 (1916). 

66 A. W, Hull and M, Rice, Proc. Americ. Acad. 2, 266 (1916). 

61 E. Wagner, Phys. Zeitschr. 18, 440 et seg, (1917) ; Ann. d. Phys. 57, 

401 (1918). , . , o 

66 F, Dessa/uer and E* Back, Ber. d. deutsch. physikal. Ges. 21, 168 

(1919). 

69 J, Franck and G. Hertz, Yerhandl. d. deutsch. physikal. Ges. 16 
612 (1914). 

70 The critical potential measured by Franck and Hertz amounted to 

7* 4*9 volts « — electrostatic units, and therefore the critical energy 
800 

of the electron is ^ 

4*774. 10-10. 4*9 

ggo 


\= 2536 A = 2*536. 10 “5. 


Hence we must get 

.T7^i,c . „ j, _eV\_ 4*774. 10 -10. 4*9. 2*536. 10 ~ 5 

X’ * ‘ c 3*103.3*10^0 

= 6*59.10-27 


and this is in good agreement with the results of other measurements. 

71 Of., for example, J, Starke Prinzipien dei Atomdynamik II. (S. 
Hirzel, Leipzig 1911), Ohs. IV and V. 

72 J. Starkf Ber. d. deutsoh. phys. Ges. 10, 713 (1908) ; Phys. Zeitschr. 
8, 913 (1907) ; 9, 767 (1908). 

Canal-rays are positively charged particles of matter, which move in a 
vacuum tube in the direction : anode to cathode ; the latter is pierced 
with holes through which the canal-rays pass into the space behind the 
cathode. If we generate such canal -rays in a vacuum tube filled with 
hydrogen, we find that the series lines of hydrogen are emitted. Now, 
if we observe this emission spectroscopically “from the front,” that is, so 
that the canal-rays are moving towards the observer, we see, firstly, at 
its usual place in the spectrum, the sharp series line (line of rest, “in- 
tensity of rest ”) ; secondly, we see displaced towards the violet, a 
broadened strip (line of motion, “intensity of motion” or “dynamic 
intensity”). These lines represent the series line emitted by the 
moving canal-ray particles, which is displaced towards the region of 
higher frequencies on account of the Dop])ler effect. Since the canal-rays 
do not possess a single uniform velocity, and since particles with ail 
possible velocities occur, the displaced strip is not sharp, but softened 
and broadened. The “intensity at rest ” is therefore emitted when the 
quickly moving canal particles strike “resting” molecules, i.e. gas- 
molecules which are moving comparatively slowly and irregularly, and 
excite these to emit the series lines. The “ intensity of motion,” on the 
other hand, is excited by the unAdirectionally moving canal ^particles 
themselveSf when they hit gas-molecules. 

Now, it is very remarkable that the interval between the intensity of 
rest and that of motion is not filled in, but that the emission of the in- 
tensity of motion becomes observable only above a certain velocity. 
Sta/rk interpreted this fact in terms of the light-quantum hypothesis 
thus : If Jwt;3 is the kinetic energy of a canal-ray particle, and if the 
fraction 1) is transformed into a light-quantum hv upon 


collision with a gas-molecule, then we must have hv 


; that is, the 

^ 2 


spectral line of frequency v can be generated only by canal-rays, the 


velocity of which . 

^ y am 


The proportionality between the critical velocity and s/v has been 
fairly well borne out. 

It should be remarked here that J. Stark has lately abandoned the 
theory of light-quanta. (Of. J, Stark^ Yerh. d. deutsoh. physik. Ges. 16i 
304 (1904) ; 18 , 42 (1916).) 
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73 J. Sia/rh, Phys. Zeitsohr. 9, 86, 366 (1908).-- J. StarTc and T7. 
SieMngt Pl^ys. ZeitBchr. 9, 481 (1908).—./. Starke Phys. Zeifcschr. 9, 
389 (1908). 

In fchoso papers J. Siark defends the view thafe the band-apocfcra are 
omitted when a valency olootron” belonging to the atom or molecnlo 
i $ pushed out of its normal position and then returns again to its initial 
position, countorbalanoing the work done in displacomont. If tho 
energy of deformation (valonoy energy) M is ohangod into a light- 

jp 

quantum, then wo must have hv » Et i.o. v ^ All linos of tho 

Itf 

7/* 

hand must therefore lio bolow tho odgo v « If tho valonoy energy 

ih 

JC is changed by cliomioal prooossos, tho band-spoctrum must bo dis- 
placed accordingly. 

HA Einstein, Aim. d. Phys. 17 , 148 (1906). 

78/. Stark, Phys. Zoitsohr. 9t 889 (1908) ; Ann. d. Phys. 38, 4G7 (1912). 
The fundamental law of photoohomioal dooomposition onunoiatod by 
Stark and Einstein states : If a moloonle dissociates at all owing to the 
absorption of radiation of freguonoy v, then it will absorb an amount of 
energy hy when it dissociates. This energy, thoroforo, represents tho 
hoat of reaction, wliioh will bo sot free upon recombination of tho 
products of dooomposition. 

This law was lator deduced by A, Einstein for tho range of validity of 
TTian’s Law of Badlation without tho assistance of tho light-quantum 
hypothesis, by purely thermodynamical mothods, (Of. Ami. d. Phys. 
37, 882 (1912), and 38, 881 (1912).) 

16 E, Warbwg, Bor. d, Borl. Akad. d. Wise. 1911, p. 746; 1013, p. 
644; 1914, p. 872; 1916, p. 280; 1916, p. 814; 1918, pp. 800, 1228. Cf. 
also “Katurwissensohaften,’^ 6, 489 (1917). 

11 E, A* Lorenh, Phys. Zoitsohr. 11 , 1260 (1910). 

16 M. Plamk, Bor, cl. doutsoh. pbysikal. Qos. 13, 188 (1911); Ann. d. 
Phys, 37, 612 (1912). 

70 On account of the continuous (classical) absorption, all energy values 
of the oscillator in an elementary region, say between we and (n h- l)<t, 
are equally probable, Tho mean energy in the rith elementary region 
is, therefore, 

wy n« 4- (> 1 . -1* l)f , .. 

From the oanonioal law of distribution extended in the sense of the 
quantum theory, it then follows that 


0 __ 

2 ^ ^ 


« ” ’ ' w 



oo^ 


ne 


+ 2 ^ 

'kT 


-1 


(cf. note 48). If we further set 6 = hv it follows that 




hv hv 


hv 

JT 


In place of relation (7) of the text we get here 



and this leads to Flanck's Law of Eadiation. 

80 M. Planch, Sitzungsber. d. Kgl. Preuss. Akad. d. Wiss. 3 April, 
1913, p. 350; ibid., 30 July 1914, p. 918; ibid., 8 July 1916, p. 612. 

81 A. Einstein and 0. Stern, Ann. d. Phys. 40, 561 (1913). 

82 W. Nemst, Verhandl. d. deutsoh. physikal. Ges. 18, 83 (1916 . 

83 i?^. Bicha/rz, Wiedem. Ann. 52, 410 (1894). 

8IBeport by P. Langevin at the Solvay Congress in Brussels, 1911. 
Of. A. Euchen, Die Theorie der Strahlung und der Quanten. Abhandl. d. 
deutsch. Bunsen-Ges., Nr. 7 (W. Knapp, Halle 1914), pp. 318 et seg. 

88^. Einstein and W. J. de Haas, Verhandl. d. deutsoh. physikal. Ges. 
17, 152, 203, 420 (1916 ).— Einstein ibid., 18, 173 1916).— TV. J. de 
Haas, ibid., 18, 423 (1916). 

86 P. Bech, Ann. d. Phys. 60, 109 (1919). 

87Eeport by Planch at the Solvay Congress in Brussels, 1911, See 
A. Euchen, Die Theorie der Strahlung und der Quanten. Abhandl. d. 
deutsoh. Bunsen-Ges., Nr. 7 (W. Knapp, Halle 1914), p. 77. 

88 If 2 is the elongation of a linearly vibrating electron of mass m (os- 
cillator) and V its period of oscillation, then the energy of this configur- 
ation is 

_ m fdq\^ . 

The fiist term represents the kinetic and the second the potential energy. 
Now the impulse (the momentum) is p = Therefore, we may write 

i.e. 

_ , 

(^1 ^ V (\/ 2 «in> 
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Tho ourvM CTio const., that is, thoso curves in the phase-plane, which 
correspond to the states o£ constant emrgy of the oscillator, are therefore 
ollipflOB with the somi-axoa 


"“Vwni «'=N/2mCr. 


lor a dufliuto value of 17 wo got a completely definite ollipse. The 
phaso-iwint of tho oRcillators would continually revolve in this ellipse 
it the electron, without emitting or absorbing, wore to execute pure har- 
monio oacillatious i for thou its energy would remain permanently constant. 
If wo al ow U to vary continuously, i.e. if wo give it other and again 
other values nr continuous sucoossion, we got an unlimited manifold of 
conoonfcrio el]ip«QK. 

JhQ <iuantum theory, as formulated in (80) in the text, selects from this 
infioito manifold a disoreU set of ellipses, and distinguishes them as tlie 
** quantised ollipsoa which oorreapond to the “ oharaotoriatio states ” of 
tho OBoillator, To these belong the “quantum energy-values" U^, Uj, 

Now tho nth ellipse onolosea an area nh. The area of the wth ellipse 
is, however, 


Fn M Tran . bft =s tta/ . • s/'^niUn 


Un 


I lienee we must have 
[ U 

$ — ^ nh i.e. Un - nhv 

ti E 

% 


that is, ill Ifw nth quantum state the oscillato?' possesses an amo^mi of 
energy m » nhr, 

89^. Smmirfdd, Phys* Zeitsehr, 12, 1057 (1911).--.Heport by A, 
t:^mnmerfeld at the Holvay UongroBa in Bmsaels, 1911. Of. A, JUticken, 
Die Thoorle dor Btralilung und dor Quanten. Abhaudl. d. deutsch. 
Buusei^Oea., Nr. 7 (W. Knapp, Hallo 1914), p. 252. 

90 Kej,K)rt by Hommerfeld at tho Bolvay Oongrosa, 1911. 

91 A, Smmiwrfeld and IK Debye, Ann. d. Phys. 41, 873 (1918). 

98 Of., for example, tho recent summary by JB. Sclirddinger, Der 
Kuergioiuhalt der Ifostkorpor im Liolito dor nouoron Porscbimg. Phys. 
Zeltselir. 20t 420, 460, 474 (1919). A complete set of references accoin- 
pani(^ this acjoount. 

9a One granimo-atom of a substanco, tho atomic weight of which is a, 
Is defined os the quantity a grammes of the substance. For example, 
one gramme-atom of csoppor is equal to 63-57 grammes of copper, since 
08-57 is the atomic weight of ooi^por. Exactly analogous is the 
doflnitiou of tho gnimmo-moloeulo (also called “ mol"). One gramme- 
molecule of oxygen Is B2 grammes of oxygon, for the molecular weight 
of oxygen (diatomic) is B2. 

If c Is the Bj>eeifle heat of a substance of atomic weight a, it signifies 
that one gramme of the substanoe requires an amount of heat c to raise 
lU tempemture by 1‘* 0. Hence w© must communicate to a gramme-atom 
10 


I 

i 


I 

I 
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of the substance, i.e. to a grammes of it, an amount of heat C ^ ca> in 
order to raise its temperature by 1° 0. C is then callod the atomic heat. 

94 The equality of the mean potential and the mean kinetic • energies is 
true here as in the case of the linear FlancJc oscillator (vibrating electron), 
cf. note 41. This equality is, in general, always present when the forces 
which act upon the atoms and restore them to their positions of rest 
(zero positions) are linear ftmctions of the relative displacements of the 
atoms, that is, when the force is “quasi-elastic,” that is, proportional 
to the displacement from the zero position. Of. in this connexion 
L. Boltzmann, Wiener Ber. 63 (11), 731 (1871), and Richarz, Wied, 
Ann. 67, 702 (1899). 

QBDulong and Petit, Ann. de chim. et de phys. 10, 396 (1819). 

96 The quantity usually obtained by measurement is not the atomic 
heat at constant volume C„, but the atomic heat at constant pressure Cj,. 
For this we get values which in general fluctuate about the value 6*4 
cal./deg. The calculation of from Cp is based on the thermo- 
dynamically deduced formula 



where a is the cubical coefficient of thermal expansion, k the (isothermal) 
cubical compressibility, and V the atomic volume = 

density 


97 E.g. we find 

for silver at 0® 0. . 

„ aluminium „ 68° 0. . 

„ copper „ 17° C. . 

„ lead „ 17° 0. . 

„ iodine „ 25° 0. . 

„ zinc „ 17° 0. . 


Cp = 6*00 

Cp = 5*82 
Cp = 5*79 
Cp = 6*33 
Cp = 6*64 
Cp = 6*03 


98 Jff. Weber, Poggend. Ann. 147, 311 (1872) ; 154, 367, 663 (1875). 

99 As a possible way out, the “ agglomeration hypothesis,” supported by 
F. Bicharz [Marburger Ber. 1904, p. 1], C. BenedicTcs [Ann. d. Phys. 42, 
133 (1913)] and others, has been put forward. According to this, as the 
temperature falls the number of degrees of freedom of the system 
dimi n i shes by “freezing-in,” as it were, in that certain linkages become 
completely rigid. According to this, however, the compressibility should 
decrease greatly as the temperature falls, which, according to JE. Qril- 
neisen^s measurements is not the case [Verb. d. deutsch. phys. G-es. 13, 
491 (1911)]. Compare also in this connexion the report of JE, Sch/rO’- 
dinger quoted in note 92. 

100 A. Einstein, Ann. d. Phys. 22, 180, 800 (1907). 

101 Of. A. Emstein, Ann. d. Phys. 35, 683 fi. (1911), also the report by 
Einstein at the Solvay Congress in Brussels, 1911 ; see A. Euchen, Die 
TheoriederStrahlungundder Quanten. Abhandl. d. deutsch. Bunsen-Ges., 
Nr. 7 (W. Knapp, Halle 1914), pp. 330 et seq. 

102 A. Einstein, Ann. d. Phys. 34, 170, 690 (1911) j 35, 679 (1911). 

103 The nature of the dependence of the frequency v on the three 
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quantities A, p, k may, according to Einstein {he. cit.)y be obtained by a 
simple dimensional calculation. If we assume that y depends only on. the 
mass m of the atoms, their distance apart d, and the compressibility k of 
the body, then an equation of the following form must hold 

y C .dy . 

C is here a numerical constant ; x, y and z are numbers which remain to 
be determined. 

The dimensions of the frequency [v] are [i - 1] ; the dimensions of m and 
d are [wi] and [i], and the dimensions of the compressibility « follow from 
its definition : 

increase in volume 

increase in pressure x original volume 

« has therefore the dimensions 

LpreasureJ L force J ^ 

We thus get the following dimensional equation 


Hence 


aj~5f = 0; 2/-f£? = 0; 2je;=*-l 

from which we get 

»=-i; y = + i> a=-i 

We have therefore, 

y = Cm”i * 


Let N be Avogadro's number, i.e. the number of atoms in the gramme- 
atom. Then the atomic weight of the body is numerically equal to the 
mass of the gramme-atom, i.e. 

A = onN . ' 


If we imagine the atoms arranged upon a cubical space-lattice with 
sides dy then the density must satisfy the equation 

m 

p- d‘ 


from this it follows that 


and hence 


d =5 


m ^ ^ 

from which, it follows that 

Qt 

V = 
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Einstein determines the factor G by assuming simply that only the 
twenty-six neighbouring atoms act upon the displaced atom, 

104 E, LindemanUf Phys. Zeitschr. 11, 609 (1910). hindemann's 
formula may be shortly deduced thus : Let o' — a sin (2xvt) be the elonga- 
tion of an atom which is vibrating with the amplitude a and the frequency 
V. The mean energy of this atom is 

j; + I . = I . (2„)^a^ = 2A%a«. 

At the melting-point, according to Liovdemann's conception, a is of the 
same order as d (distance apart of atoms). On the other hand, the mean 
energy of the atoms at high temperatures = or, at the melting-point 
(The melting-point, as a rule, is high.) From this it follows that 

= ^hTs 




But we have (see note 103) 

w = ; fj = mip-'' = AlN~ ^‘P~ 


Hence 

1 / = const. Ts^ . = const. Ts” . A~^ . pi 

lOBJS, QrUneiseoii Ann. d. Phys. 39, 291 et seq, (1912). 

106 J?;. Madelung, Nachr. d. kgl. Ges. d. Wiss. zu Gottingen, mathem.- 
physikal. Klasse 1909, p. 100, and 1910, p. 1. 

107 W. Sutherland, Phil. Mag. (6), 20, 057 (1910). 

108 If n and k are the coefficients of refraction and extinction of a 
substance respectively, then, according to MaxioelVs Theory, its reflect- 
ing power is 

^ _ (n - 1)2 + «a 
(n + If + 


If we require the point of maximum reflection, we have to form the 
equation ^ = 0, which gives after reduction the following relation : 

{V? - k" _ 1)|!? + 2«k|1= O. 

Qv ay 


From this we see that the position of maxinaum reflection does not 
coincide exactly with the position of maximum absorption = 0^, 

but that it lies the nearer to it, the less the coefficient of refraction 
varies with the frequency. On the other hand, blue point of maximum 
absorption lies, according to the dispersion theory, in the immediate 
neighbourhood of the natural frequency 
10® iff. Buhem and E, F, Nichols, Wiedem, Ann. 60, 418 0.827). Also 
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H, Buh&m and If. Hollnagel, Ber. d. kgl. preusa. Akad. d. Wiss. 1910, 
p, 46; H, Hollnageli Dissert. Berlin 1910; H. Ber. d. kgl. 

preuss. Akad. d. Wiss. 1913, p. 613 ; H, Btchens and H. v, Wartenherg, 
ibid,, 1914, p, 169. 

As an example wo give here the following small table in which \ 
denotes the wavo-longth of the “ residual ” rays, as given by the above 
investigators, 



K 


\ 

NaOl 

62 ^ 

TlOl 

91-6/. 

KOI 

63*4iu 

KBr 

82-6jt. 

AgOl , 

81*6^ 

AgBr 

112-7J. 

HgOl 1 

98-8/t 

TlBr 

117 M 


UO Of., however, note 108. 

Ill W, Nernsl and F. A, Lindemann, Sitzungsbor. d. kgl. preuss. 
c Akad. d. Wiss. 1911, p. 494 ; W, Nermt, Ann. d. Phys. 36. 426 (1911). 

lia The following short table gives the values for v which are calculated 
from JSJinHem^s formula (86), Lind&mnnn'$ formula (86), from the 
“residual rays’’ (see note 109), and from the observed atomic heat 
according to an empirloal formula (40) proposed by Nermi and 
Lindemann, For more detailed data with, in part, oorroctod numerical 
I factors 800 C. JC, Blom, Ann. d. Phya. 42, 1897 (1918). 


Hubabanoe 

•'S 


‘’roflldual rays 

’'atomic heat 
{Nemst-Lindemawii) 

A1 

6-7 . 10'’' 

7-G . lO'" 


8-3 . 10^2 

On 

6-7 . 10'" 

0-8 . 10"* 


6*7 . 101’^ 

Zn 


4-4 . 10''^ 


4-8 . 10'“ 

Ag 

4'1 . lO"* 

4-4 . 10'“ 


4-6 . 10'“ 

Pb 

2*2 . 10'» 

1-8. lO'" 


1-6 . 10'“ 

Diamond 


82-5 . 10'“ 


40 . 10'“ 

NaOl 


7-2 . lO'" 

6-8 . 10'“ 

6-9 . 10'“ 

KOI 


5-0 . 10"* 

4-7 . 10'“ 

4-6 . 10'“ 


lia W. NarnHiy F, Koref, F, A, LimUmann, Unterauohungen iiber die 
spesdflsohe Wtoo hoi tiofen Tomporaturen. I. n. II. Sitzungsber. d. 
kgl. preuss. Akad. d. Wiss. 1910, 8 Maroh.—F: Nernsi, idem III., ibid., 
lull, 9 Maroh, — F. A, LwUfMWtt idemlV^i ibid,, 1911, 9 March. — W, 
N&riuit and F» A, Xivndcmo/wi, id&iu V,, ibid,, 1911, 27 April. W, Ne^nst 
and F, A, Lmde^nann, idsm VL, ibid,, 1912, 12 Dec.~lF. Nermt, id^m 
vri., ibid,, 1912, 12 Doo.— 17. and F, Schwen, idem Vlu., loo, 

oif., 1914.-17. N&rmt, Der Enorgioinhalt fester Sfcoffe. Ann. d. Phys. 

Dio thooretisohen und exporimentellen Grundlagen des 
neuen Wiinnesatzes, (W, Knapp, Halle 1918.) 

15 The First Law states : If d'Q is tlie heat sup^M to a system, d A 
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the work done on the system from outside, then the increase of energy 
U of the system is given by 

dU = d'Q + d'A, 

The Second Law states : \t d’Q is supplied reversibly at the temperature 
Tf then ^ is the complete differential of the entropy hence 


Let us follow HelmJioliz and introduce the “ free energy” F defined by 

tr- T'S. 

Then it follows that 

dF = dU - T .dS - S ,dT = d'Q d’A T,dS - 8 .dT 
i.e. dF = d’ A -- S. dT 

for every reversible process. 

If the process is isothermal (dT ~ 0) then it follows that dF = d'A 
or, for a finite change of state, F^ - F-^ — A. If we set A’ = A^ so 
that A* is the work gained, we get 

= A’. 

That is, the work gained in the isothermal reversible process — which is, 
as may be shown, the maximum obtainable — is equal to the decrease of 
free energy* 

Further, it follows, since at constant volume V the work d'A - 0, 
that 

Therefore, formulating these expressions for two states, we get 

or, finally, if we write for short Uj - Ug = 'U' 

an equation much used in physical chemistry. 

Since, now, according to NernsVs heat theorem, 

(M.\ =0 

\dTjlim T=0 

(A' “ U') vanishes for T = 0, being above the first order. 


Hence 

and hence also 


lim?(4rZ) = 0 

T=0 ZT 


*. dU' 


.. 317, 3Dj 

Ihn — lim om’ 
arr-o .ai 




or 
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This is equation (39) o! the text. 
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~ it follows further that -^a) ~ ^ ^ 

8 , - Si=|^ 

1 3T 

and honoo Nernsi’s Thoorem may bo formulated thus 


lim (Sj - Sj) = 0 
T=0 

that is in m mighhourhood of ihe absolute zero all proeesm proceed 
wtihoiU change of entropy, 

116 Cf. , for example, M, Plancht Lectures on Thermodynamics. Planck 
gooa further than Nernst inasmuch as he postulates that not only the 
difleronoo of tho entropies - 8, is zero at absolute zero (see previous 
note) hut also that the individual values themselves become zero. Hence, 
aooording to Planch, at tho absolute zero of temperature the entropy of 
every chemically homogeneous body is egual to zero. From this the con- 
clusion given in the text, 


may be doduood immediately. It follows from the relation (occurring 
in the last note) 

F - TS 


and from Planck's version of NerrnVs Theorem, that F - V vanishes for 
ST » 0, being of higher order than tho first. 

Honoo 


llm?M 

OT 


0 


or 



0 


or, finally, 



1 IT For low tomporaturoB, that is, for high values of a = ^ Einstein's 

KrX I 

formula (84) to,kos tho following form : Cd = The falling-off at 

low tomi>oraturos therefore follows an exponential law ; more exactly, 
varies as 






116 W. Nernst and F, A, Lindemann, Sitzungsber. d. kgl. preuss. Akad, 
d. Wiss. 1911, p. 494: ; Zoitschr, f. Blektroohemie, 17 , 817 (1911). 

119^. Eimiein, Ann, d. l^hys, 36i 979 (1911). 

120 For if wo regard the atoms as mass-points, then each atom has three 
degrees of freedom ; the whole body has therefore 8JV degrees of freedom. 
As is proved in moohanics, howovor (of. B, E. Weber and B, Qans, 


121 p, Debye, Ann. d. Phys. 39, 789 (1912). 

122 M. Born and Ph. v, Kdrmdn, Phys. Zeitschr. 13, 297 (1912) ; 14, 
15, 65 (1913). Gf. also M. Born, Ann. d. Phys. 44, 605 (1914) ; AT. Born, 
Dynamik der Kristallgitter (Teubner, Leipzig and Berlin 1915). 

123 Of., for example, B. Ortvay, tiber die Abzahliing der Eigenschwiu- 
gungen fester Korper. Ann. d. Phys. 42, 745 (1913). 

Ortvay considers the natural frequencies of an elastic cube, each side 
of which has the length L. There are found to be three groups of natural 
frequencies. The first two groups are the transversal frequencies, the 
third group is the group of the longitudinal frequencies. That the trans- 
versal frequencies form two groups (moreover identical) is easily seeui 
For in the case of a transversal vibration, which is propagated in, say, the 
direction of the aj-axis, two equal alternatives are probable, namely, that 
the particles vibrate parallel to the y- or to the j^-axis. In the case of the 
longitudinal oscillations, however, there is naturally only one group ; for 
in the case of propagation along the aj-axis there is only one possibility, 
namely, that the particles vibrate parallel to the a3-axis. The frequencies 
of the first two groups are characterised by the values 


’ ' ‘ 2L 


the third group by 


Vs = ±y. 

* ' 2L " 


Here and are the velocities of propagation of transversal and longitu- 
dinal waves in the body, whereas a, b, c are arbitraiy positive whole 
numbers. If therefore we give a, b, c all possible values in all possible com- 
binations, we get all the possible transversal and longitudinal natural fre- 
quencies, which together form the elastic spectrum of the cube. If now 
we inquire how many transversal natural frequencies of the first group 
fall below v, this means nothing else than inquiring how many trios of 
values (a, b, c) fulfil the condition 




s/B? -1- b^ -f < 


<^t ■ 


Imagine a, b, c as co-ordinates of a point in space. Then all possible trios 
(a, b, c) of values are represented by the total “lattice-points” of the 
positive space octant, and the above question is answered by counting how 

many lattice-points are at a distance less than — from the origin (0, 0, 0). 
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All these lattice-points lie within the positive octant of the sphere whose 
radius is . Sinco now om lattice-point is assigned to every volume of 

maguitudo 1— -namoly, every olomontary oubo— tho required numbor of 
lattioo-points, provided tliat it is sudiciently large, is equal to the volume 

of the positive sphorioal octant of radius — i.o. is equal to 


dr LV 
\\ ct J "" 3 cf 


If y » is the volume of the given cubical body, thou the numbor 
of the trauivorso natural froquoncios below v belonging to the first 
group is 

z, - 


Tho number belonging to the second group is the same, that is 
y aa ^ V 

"3 "1 -g 

Finally, the number of the longitudinal Iroauonclos oorroepondlng to 
these is 

We thus get for the total of all natural froquoncios bolow y 

if « + if, + ifj - y/ “ + 

o \ / 

Tho total of natural frequonoios in tho interval -I- dp follows by 

differentiation with rospoot to p 


Z{p)dv isa iwV -I- 


and this is just fonuula (dH) of tho text. 

IMIn formula (dH) for 2f{p)du lot us replace, according to formula (dd) 
of the text, tho factor 

\ + i) t'y 

Vo! 0“/ 


Then it follows that 


- hv 

*"'* / A,, \r 



126 A table showing how the Debye function Gv depends on Xrn is given 
by Nemst (Die theoretischen und experimentellen Grundlagen des neuen 
W^esatzes. W. Knapp, Halle 1918, p. 201). In it the simple 
Einstein function [formula (34) of the text] is also tabulated. 

128 If T is great, then is small compared with 1 ; then we may 

replace in the integral of (45) by 1 in the numerator, and e® - 1 by OJ 
in the denominator. It then follows that 



127 If T is small, then xm is large, and we may replace the upper 
limit of the integral as a first approximation by qo . The integral will 
thus become a numerical constant independent of Xmt aud it follows that 


c® = 5:5 . const. 

128 From the theory of elasticity it follows that 


/ 3(1 -or) 
V(l + (r)/c/) 




V 


3{l-^2<r) 
2(l-f <r)/c/5 


where k is the compressibility, p the density, and o' the ratio 


transverse contraction 
longitudinal dilatation 


A 

If we insert these values in (44) and note further that F = — , formula 
(46) of the text follows. 

129 As the number of frequencies below p is proportional to we get, 
for example, the following picture ; if we divide the interval from 0 to 
into 10 parts, and if only one natural frequency lies in the first 
division, then in the following divisions there will be 7, 19, 37, 61, 91, 
127, 169, 217, 271 natural frequencies ; i.e. the natural frequencies crowd 
continually closer together. 

UO P. Debye, Ann. d. Phys. 39, 789 (1912); W. Nernst and F, A. 
hmAemcunn, Sitzaingsbex. d. Berl. Akad. d. Wiss. 1912, p. 1160. 

181 u4. HwcTcen and F. Schwers, Verhandl. d. deutsoh. physikal. Ges. 
15, 678 (1913) ; W. Nernst and F. Schwers, Sitzungsber. d. Berl. Akad. d. 
Wiss. 1914, p. 365 ; P. (ShrWniher, Ann. d. Phys. 61, 828 (1916) ; W. H, 



m 
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Keesom and KmmrUng'h-Onm&^ Amsterdam Proo. 17i 894 (191d). Of. 
also the graphic tables by B. Schrddinger, Phys, Zeitsohr. 20» 498 (1919). 
132 If wo introduce into equation (44) of the text, 


8 [crop 


BN 


a “ moan acoustic volocity ” "c, by the obvious dolinition 


8 12 

5 “ cj 0 }' 


thou for the order of magnitude of the smallest wavo-longth Auiin, there 
follows 


^Amin * 


Vw* 


If now the atoms in the cubical spaoo-latticc, for example, arc arranged 
so as to be a diafcanoe a apart, then Na^ » F, and hence 


Amin . cf'* 

183 por roforonoea sec note 122. 

134 Of. Bor 71^ Bynamik der Krisfcallgittor, § 19. 

188 P, Haber, Verh. d. doutsoh. phys. Gos. 13, 1117 (1011). 

For if the atomic reaiduo (mass m) and the electron (mass /a) aro held 
to their gioro positions by forces of the same order of magnitude, and if 
they vibrato indopondcntly of one another (a simplifying supposition) the 
equation of vibration of the atom is 7 nx + aH » 0, the solution of which is 

fc m Asin^ The infra-rod frequonoy of the atom is, therefore, 

a 

Er»^^^,and oorrospondingly, tho ultra-violet frequency of the electron 

is Honoo Haber' a Law follows; vr : ni « s/m» Tho 

general spaco-lattloc theory of K. Bom oonfirms this law and shows that 
in tho lattice, too, atomic residues and olootrons appear ux>on an equal 
footing, and aro acted upon by forces of the aame order of magruOude, 

186 Of. M. Bom and Than, v, Kdrmd7Z, Phys. Zeltschr. 13, 297 (1912). 
We may treat this problem, which is of course one-dimensional, most 
simply thus : If wo imagine an endless chain of points of equal mass m 
disposed along tho aj-axis at a distance apart a, and if wo suppose for 
simplicity that oaoh mass-point only acts upon Its two neighbours, then 
tho equation of motion of tho nth point is 

TnXn » «{a;rt+l - - «(®r, - CO/J-l) » «(aj,H.i + - 2C0n). 

Here a is a constant, and n can assume all values between + oo and - od , 
As a solutlan lot us sot for trial 

a?,, w A sin ^2rrF^ - Y 





I 


I 


This represents a process which is periodic in space and time, that is, a 
wave which is propagated along the chain in the direction of increasing 
a;. The frequency of this wave is v, its length is Then, if after p 
points the same displacement is to recur, pa must = X, and hence it 
actually follows that 


Xni-p - A sin 
= ^ sin ^ 


27rvi - + jp) 

- , 


Sira 


2Trvt 


^ J 


In order to find the relation between v and A (that is, the “ law of dis- 
persion”), let us insert the above formula in the equation of motion. 
Then it follows that 


m(27ry)®^ sin f2'nvt - \ 


\ 

= cL4-|^sin *- (n -* 1) 






2 sin 


= - 2a^ sin 2Trvt 




r 2lrl'^ - 

L 

x] • (‘ - 


0} 


2rra’\ 

cos — j. 


That is, 




(2in/fm = 4a sin^ 

7ra\ 

a/ 


(“)■ 

if we set 

TT 


137 Of. Born, Dynamik der Kristallgitter, p. 51. 

Prom the special case treated in the previous note, we also recognise 
the truth of law (49) ; for if \ is much greater than the dispersion law 

takes the form y = Pn^ where q = v,„7re^, represents the velocity of 

propagation of the wave, and this is independent of the wave-length. 

The statement that a given direction lies in the element of solid 
<Ci is intended to convey the following sense : about an arbitrary 
describe a ** unit sphere,” i.e. a sphere of radius 1. Now let a cone 
sly small angle be constructed of rays passing through 0, the point 
' lying at O. Let this cone cut out of the surface of the unit 
^^1 element of surface dcu Now let the parallel ray to the 
on” be drawn through O (here, for example, the wave- 
■' ’s ray lies in the cone just constructed, then we say that 
^ ” lies in the elementary solid angle dCi, 
r heat of a certain finite body is that amount of heat 
ted to the whole body in order that its temperature 
M is the mass of the body, and c its specific heat, 
•t is 


r « cM. 
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Prom blie mean energy content E of the whole hodijf r follows by 
differentiation with respect to the temperature 


140 This somewhat complicated calculation runs as follows; we start 
from the formula 

3 4ir 00 (^VekT 
rd) =:kV'K fdaf^± . 


'%Mr. 

i—1 0 Arjiiu) 


and first replace K by Thus we get 


and the integral with respect to \ is transformed into one with respect to 
vu The limits of this integral are 

yi = [corresponding to \ = A„,(n)] 


If we further set 


= 0 (corresponding to A = od ). 
UT hTxmin) ^ ^ 


3 47r 

[ do. i'x'^e^dx 


,,, f do I 


1=10 '0 


In place of the quantities 2 i(n) and AjR(n) which still depend essenti- 
ally on the direction, lot certain mean vahies be introduced. Firstly, let 
us set 

(i = i, 2, 3 . . .). 

S' 2<(«) 


In this way three mean acoustic velocities 2i» 221 2s» independent of the 
direction, are defined. We further introduce in place of Am(n) a mean 
value independent of the direction, in the following manner. In deduc- 
ing formula (65) we saw that 


0 Am(w) 


i 




If we carry out the integration with respect to x, we get 


4Tr 

V r da 


r da ^ 3 ^ 

i\*(n) 

0 ’ 

Now, in a way analogous to that used for the acoustic velocities g, we 
set 

47r 

I ^ I f da _ ^ 


Into !M(w)= j we Introduce in place of 2»(M') and \)ji(n) the meaji 

values qi and which are independent of direction ; thereby xi(n) also 
becomes independent of difectiont and is transformed into 


It follows that 


hqi _ 3 / 3 -N 


i=r 0 


1 r x'^e^dx 




irrrl 0 


HI At the lowest temperatures 




S ^ ^ S° 4 7 

1 1 fx'^e^dx 

5* = rs • “ li ■ («»- i)“ 

1 . ' •' i=l 0 


^ n's.V’’ ” V- 

”■ 
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No'^th.e value of fcliG integrals = If we further set jB *= and 

for the value (59), we get 


Gy = 


IQn^k^VT' 

15h^s 



If we introduc^iu place of the three acoustic velocities ^3 a mean 

acoustic velocity q by means of the definition 


|=2p=2rJ^) (BeenoteUO) 
i=i i:=i 0 

it follows that 

pr - 

L>v “ = . 

y - 

Finally for — we can write (mean atomic volume) and thus get the 
formula 


Utt = = — , 

bh^q^ 


142 H. Thirring, Phys. Zeitsohr. 14, 867 (1913) ; 15, 127, 180 (1914). 

148 M, Born and Th, v. Kdrmdn^ Phys. Zeitschr. 14, 15 (1913). 

144 Cf. note 182. 

148 Of. note 128. 

146 il. Eucken^ Verhandl. d. deutsch. physikal. Ges. 15, 671 (1913). Cf. 
also A. Eucken, Die Theorie der Strahlung und der Quanten (W. Knapp, 
Halle 1914), pp. 386 et $eq., Appendix. 

147 Of. A. Eucken, Die Theorie der Strahlung und der Quanten (W. 

Knapp, Halle 1914), p. 387. _ 

148 To calculate the mean acoustic velocity q^ the relation given in note 
141 is used 

3 4it 

2 f(«) 

1=1 0 


We have therefore to obtain from the “ dispersion equation ” of the 
crystal in question (for long waves) the values of the three acoustic 
velocities qi(w), q 2 {n), q^{n) as functions of the wave-direction ; q is then 
obtained from the above formula by integration over all directions and 
finally summation. 

149 L, Hoyf and Q, Lech/ner^ Verhandl. d. deutsch. physikal. Ges. 16, 
643 (1914). 

IBOThe following short table is taken from the paper of Hopf and 
LeoJmer cited in note 149 : 


Crystal 

q calc, from C,y 

q calc, from elastic 
data 

Sylvin , 

Rock salt . 
Pluor-spar . 
Pyrites 

2*36 . IQS 
2-82 . 105 
4-02 . 105 
5*43 . 105 1 

2'03 . 105 
2*72 . 105 
3-82 . 105 
6*12 . 105 


151 W. Nernstj Vortrage iiber die kinetische Theorie der Materia und der 
Elektrizifcat. Wolfskehl-Kongress 1913 in Gottingen (Teubner, Leipzig 
and Berlin 1914), pp, 63 et seq, 

152 W» Nernstt ibid.^ pp. 81 et seq, 

153 E. Schrodincjery Phys. Zeifcsclir. 20i 503 (1919). SchrOdinger cor^ctly 
points out that — a^rt from the substitution of one single mean aj for 
the three quantities Xt in the Debye terms — the approximation above all in 
the second part of (i.e. the replacement of the 3(s - 1) frequencies 
1/4 ... vg by the ccmstant^ vj . . . may not be permissible in many 
cases : namely, in those oases in which the masses of the various Mnds 
of atoms are not very different from one another. If we were to allow 
— so he argues — the masses of the different kinds of atoms and the forces 
acting upon them gradually to become equal to one another, a simple 
atomic lattice would result, and during this process the 3(s - 1) branches 
of the spectrum, which correspond to the second type of motion, would 
merge into the three first branches. “ They cannot therefore even be 
approximately monochromatic if the masses differ only slightly.” 

154 jgr. Thirring^ Phys. Zeitschr. 15 , 127, 180 (1914), 

155 K. Borriy Ann. d. Phys. 44 , 605 (1914). 

156 jB/. GrUAieiseUy Ann. d. Phys. 39 , 267 (1912). 

157 S. Eatnowskiy Verhandl. d. deutsch. physikal. Ges. 15,76 (1918). 
158Vorbrage fiber die kinetische Theorie der Materie und der Blek- 

trizitat. Wolfskehl-Kongresz zu Gottingen, 1913. (Teubner, Leipzig 
and Berlin 1914), Vortrag P. Debye. 

169 If d is the energy, and S the entropy of the system, then the “ free 
energy” is defined according to Helmholtz by the relation 

S.T, 

It then follows from note 115 that 

dF^d'A-^8.dT 

where d'A is the work done from without. " If wo set in the usual way 
d'A =s - pdV (p ^ pressure, V = volume) 

then 

dF pdV ^ 8dT. 

Prom this we get immediately the equation (66) in the text 



Similarly, 
and hence 
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U = F + T.S==ff-T(^'^ . 
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160 P. DehyOf loc. city note 158. 

(1912^* 26, 211 (1908) ; 33 , 65 (1910) ; 39 , 285 

162 p. Debye, loc. cit, note 158. 

1634. Eucken, Ann. d. Phys. 34, 185 (1911); Verhandl. d. deutsch. 
physikal. Ges. 13 , 829 (1911). 

164 P. Drude, Ann. d. Phys. 1, 566 (1900). 

16Bp;. Rieclce, Wiedem. Ann. 66, 353, 54=5 (1898). 

166 Of., for example, H. 4. Lorentz, The Theory of Electrons (Teubner, 
Leipzig, and Berlin 1909). 

167 Let 2 be the average velocity of the electrons along the free path h 

Then the electron takes the time t = - to pass over this free path. 

During this time it is exposed to the electrical force E of the external 
field. Its increase in velocity due to this force is at the commencement 

of the free path = 0, at the end of it = where e and m are the 

charge and mass of the electron respectively. In the mean, therefore, 

the small additional velocity generated by the field is Aq = 

The electrons stream miidvrecUonally with this velocity against the field. 
If N is the number of electrons per unit volume, then through unit 
area of the surface there streams per second a quantity of electricity 

=: This is, however, the “current d^isity** I which is 

known to be connected with the field E hy the relation I = <rE* The 
expression (67) for the conductivity cr therefore follows. 

A more thorough treatment is due to S. 4. Lormtz (see note 166). 
He does not give the electrons a single velocity g, but introduces Max- 
luelVs supposition, known from the kinetic theory of ga.ses, that all 
possible velocities occur, which are distributed among the electrons 
according to a fixed law, the so-called Maamell Law of Distoibntion. 
He thus obtained a formula of the following form ; 


cr 


2jfm 

\ 3ir rnq 


which therefore only difiers by a numerical factor from Drude's formula 

(67) • here 0 = \/^, the root mean square of the velocity. 

168 Let a temperature gradient along the x axis be present in the pi^e 
of metal. Let a section be taken (see Fig. 12) at right angl^ to the 

11 
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fl3 axis; we shall calculate the energy transport across this section per 
second. If we suppose that ^ of all electrons wander in each of the three 
directions in space, then ^ move in the positive x direction ; and further, 

the number of electrons which 



pass through the unit of sur- 
face in one second, will be all 
those which are contained in 
the small shaded cylinder with 
the base surface area 1 and the 
height q (velocity), namely, 
iNg* Q'^so make the sup- 
position, usual in the theory of 


gases (although not strictly true), that the energy, which each electron 
transports through the cross-section, has the value corresponding to that 
which it had at the point where it last collided. 

Now the energy in the section itself at temperature T is equal to 

and hence the energy = ^JcT ^ . I at the points which lie at a 

“ ox 

distance I in front of and behind the section. Here, on the average, the 
electrons coming from the right and the left meet with their last collisions. 

The energy transport per second through unit of cross-section is 
therefore 


(pr- i! ih 




Hence y — is the coefficient of thermal conductivity. 

Here also H. A* Lorentz has deepened the theory by taking the distri- 
bution of velocity into account, and finds that 


•Vs*"** 


where again ^ ^ 

169 G, Wiedemann and B. Franz, Poggend. Ann. 89 > ^97 (1863) ; L. 
Lorenz, Wiedem. Ann. 13 , 422, 582 (1881). Of. also Q. Kirchhoff and 
G. Hansemann, Wiedem. Ann. 13 , 417 (1881) ; W. Jaeger and H, 
Liesselhorst, Abh. d. phys. teohn. Beiohsanstalt 3 , 269 (1900). 

The following short table is taken from the paper of the two investi- 
gators last named ; it gives the ratio ^for various metals at a tempemtuix 


of 18° 0. 
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Metal 

10*10 

cr 

A1 

0'86 

Ou 

6-65 

Ag 

6-86 

Au 

7-09 

Zn 

6-72 

Pb 

7-16 

Pt 

7-68 

Bi 

9-Gd 


vs from (67) by sotting «= ^hT, that is, q — that 

\ ITZ 

Z« o,r ’^8^ . 


T bo tiho number of atoms per unit volume, N* the number 
. gramme-atom {Avogadro*a number). If, further, A is the 
it, M the mass of an atom, and p the density, then 

(A « MIST 
\p:^MN 

N=N*^- 

imo that N, the number of electrons per unit of volume, is 
ired with Z7, say 

ihis value, then wo got for the free path 
, 200<rAJsJ6Tm 

' 

make a rough oaloulation for copper at 0° 0. We have 

<jr 6’4 . (in electrostatic units) 

A « 68-67 
h « l‘A . 10“i« 

278 

w « 0-9 . 10-2’ 

27* »» 6-1 . 1028 
p » 8'9 

e « 1-77 . 10-10. 
values we get 

I is of the order 6*7 . 10-®. 
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Since the atomic distance is of the order of magnitude 2 . 10^®, the 
electrons would therefore only suffer collision after passing many thou- 
sands of atoms. This is unacceptable, since the ** radius of molecular 
action ” of the atoms itself has dimensions which fall within the order of 
magnitude of about 10'-®. 

171 JST. A, Lorent^^ loc, cit.^ note 43. 

172 J. J. Thomson^ The Corpuscular Theory of Matter. 

178 H. Kammerlmgh-Onnes^ Leiden Gommunicat. 1913, 133. 

174 C. B, Lees, Phil. Trans. (A) 208, 381-443 (1908). 

175 W, Meissner, Ann. d. Phys. 47, 1001 (1915). 

176 W, JSfernst, Beri. Ber. 1911, p. 310. 

177 3. Kammerlirigh-Orines, Leiden Gommunicat. 119, 22 (1911). 

178 3. A, Lmdemaim, Berl. Ber. 1911, p. 316. 

179 W. Wien, Berl. Ber. 1913, p. 184. Of. also Vorlesungen uber 
neuere Probleme der theoretischen Physik. (Teubner, Leipzig and Berlin 
1913.) 3. Vorlesung. 

180 If s is the radius of atomic action, N the number of stationary ^^toms 
per unit of volume, then, according to a well-known result of the kinetic 
theoiy of gases, the mean free paths of the electrons 

* rf??' 

Let us set 

5 — 5q -j- (CZ 


where is the radius of atomic action for T «= 0, that is, when the atoms 
are at rest ; let a be the amplitude of atomic vibration. Now the mean 

M 

energy 3 of this vibration (frequency v), on the one hand, = ^{2Trv)^a^ 

■A 

(M is the atomic mass) ; on the other hand, it is, according to Planck^ 
Bmstein, 

Shy 


bn 

ekT^ 1 


From this it follows that 




3^ 


I (biL \ 

2My\ekT^ Ij 

Now, according to formula (67) of the text, the resistance 

V Qfcy 

— (of, note 170), and for N, according 
m 

to X J. Thomson's supposition, a ^57 and for ^ the value 
-kNs^ = iri7(a*-l- 2as^ + a») 
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it follows thali 


( B/t 


flu> 

- 1 


an exprosflion, whlolv oontaina only « and s„ as unknown constants. If 

W0 sot 

B7t A 

1 6^ a QMvtt^ I 


^jrisrjdkm B7t / 


then W asanmos fclio form given in the formula (70). 

181 F, A, Lhidenianny Phil. Mag. 29, 127 (1916). 

18la J?*. BabBTy Borl. Akad. Bar, 1919, pp, 606 and 990. 

182 Starky Jahrb, d. Eadloakfe. u. Elekfcronik 9, 188 (1912). 

188 G, Boreliusy Ann. d. Phys. 67i 278 (1918). 

184 JT. EerMfeldy Ann. d. Phya. 41, 27 (1913). 

188 If we set « F, therefore q « \l^y the first of the two for- 

\ T)l 

muloQ (7 2) follows from (67). If wo further take into account that in Bvud&'s 

2 dF 

Theory E }A;T, that is, that ^ ® ^ then from (68) the second for- 
mula (72) follows. 

18617'. V, Emisr, Ann. d. Phys. 61, 189 (1916). 

187 W. Nmisty Berk Ber. 1911, p. 66. 

188 Jl. Ettokmy Borl. Ber. 1912, p. 141. 

189 JC Sohesl and W, EeusCy Ann. d. Phya. 40, 473 (1918). Of. also 
L. Eolbarny K, Sched and F. /fenntn^/, Wiirmetabellen der physikal.- 
teohn. Kaiohsanatalt (Vioweg 1019). 

190 4. Einstein and 0. Sterny Ann. d. Phys. 40, 651 (1918). 

191 The quantum formulee (76) and (77) properly correspond to the 
Planok oscillator, that is, to a system of one degree of freedom, while 
hero, in the ease of rotation, wo have to do with two degrees of freedom. 
But the energy of the Planok oscillator is composed of two equal parts, a 
Idnetio and a potential part, while in the case of rotation only Mnetic 
energy comes into question. This is often expressed thus : the Planch 
osoillator possesses one potential and one kinetic degree of freedom, while 
the rotating molecule possesses two kinetic degrees of freedom. 

192 P, Ehrenfesiy Vorhandl. d. deutsoh. physikal. Ges, 16, 461 (1913). 

193 Aeoording to note 48, the quantum oanonioal distribution function is 
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and the mean energy is 




~ kT 


E = ~ 


2 ^n 


If we here set all jpn's = 1, and if for En we substitute the value 
from (80), there follows for the mean rotational energy of a molecule 




CO 


0 


00 


0 




where a- = 


7^2 

e^^JkT 


and for the heat of rotation of hydrogen we get the expression 


Cr=^N 


dEy 

It' 


194 The turning impulse (moment of momentum) of a system, the 
mass-points of which possess the mass mi, the velocities Vi, and the dis- 
tances Ti from a fixed point (say the origin of co-ordinates), is a vector of 
the value 

[Uj ~ %miVin sin {vin). 
i 


In the present case, the system consists only of the two atoms (mass M), 
which rotate around a circle of radius r with the constant velocity 
V = r • 

Hence here 

[H I = i? = 2Jkfr2 , = J . 2x1/, 


where J = 2Mr^ is the moment of inertia. 

19B The impulse (or momentum) pi corresponding to a generalised co- 

3Ii> 

ordinate qi is, according to note 48, defined by the relation pi = 


where qi = and L is the kinetic energy of the system. How here 

the angle of rotation (p is chosen as a generalised co-ordinate. But the 
kinetic energy of a body rotating about a fixed axis is knovm to be 
= J • (moment of inertia) x (angular velooity)^, hence 



Ptp 




. Jtp ==: J • 27ry. 


Hence 
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m F, B&ioM, Ann. d. Phye. 68, 667 (1919). 

197 The beat curve wcis obtained by assigning the “ weight ” 2n to the 
wfeh (Quantum state of rotation. The rotationUss state (n = 0) thus 
reoelves the weight siero, i.e. it does not exist. This amounts to the 
same thing as tlie introduction of a zoro^poiat rotation. 

198 W. Bohn, Ann. d. Phys. 42, 1311 (1913). 

199 J. V, WeysBrnhoff, Ann. d. Phys. 51, 286 (1916). 

aoo Jlf. Planck, Ber. d. doutsoli. physikal. Gea. 17, 407 (1915). 

201 S. EotBmyn, Ann. d. Phys. 67, 81 (1918). 

202 The curve is not drawn by Planch, but is discussed in the author’s 
paper cited in note 196. 

203 See likewise the author's paper quoted in note 196. 

201 P. S, Epstein, Bor. d. deutaoh. physikal. Ges, 18 , 398 (1916). Of. 
also Phys. 2Ieitsohr. 20, 289 (1919). 

20BjP7. Bohr, Phil. Mag. 1918, p. 867. 

206 During » regular preoesaion ” tlio top turns uniformly about its 
axis of symmetry (axis of its figure), while at the same time this axis 
describes a cone of circular section about an axis fixed in space. 

207 A compilation of the moments of inertia of the hydrogen molecule 
used by the various investigators is as follows 


J^.1041. 


EinateinBUim . 


. 1*47 

Elvrenfest^ , . . , 

* 

. 0*69 
r2*2141 

Beiohe , . , . 

• 

, •{ 2*298 \ different curves. 
l2*096J 

Bolm 


. 1*36 

Weymnhoff 

, , 

. 0*84 

Botszayn . . . , 

, , 

. 2*12 

Epstein {Bolw^s model) 

. 

. 2*82 


208 Bjermm, Nernat Festschrift 1912, p. 90. Bjerrum did not, 
by the way, start from formula (79), but calculated with the values 

nh 

IttV’ following a proposal of B, A. Lorentz, he set the rota- 
tional energy equal to nhv^, in contrast to EhrenfesVs formulation « 

(78), which rests on a sounder basis. 

209 jSf. P, Langley, Annals of the Asbrophysioal Observatory of the 
Smithsonian Institution, Yol. I, p. 127, Plate XX (1900). 

210 F. Pasohm, Wiedem. Ann. 61, 1 ; 52, 209 ; 63, 336 (1894). 

211 H. Buhem, Berl. Ber. 1918, p. 618. 

212 H. Buhms and J0. Aaohhinass, Wiedem. Ann. 64, 684 (1898). 

218^3*. Buhens and G* Bettner, Berl, Ber. 1916, p. 167. See also 
G. Bettner, Ann. d. Phys. 65, 476 (1918). 

214 W, BwwmsUt, Ber. d. deutsoh. physikal. Ges. 16, 689 (1913). 
MEva V, Bahr, Ber. d. deutsoh. physikal. Ges. 16, 710, 731, 1150 
(1918). 

216 Of. Lord BayUigh, Phil. Mag. 34, 410 (1892). Let an HOI mole- 
cule, for example, be considered, which consists of a positively charged 



hydrogen atom H+ and a negatively chlorine atom Cl“ (see Fig. 13). Let 
its centre of gravity be S, and let a be the distance of the H+ atom from 
S, Let the line joining the two atoms be the axis of cc^ and let this axis 
turn in the positive direction about 8 at the rate of revolutions per 
second with respect to the fixed x-y-system. If, now, the two atoms 
vibrate relatively to one another with the frequency pq and the amplitude 
Af then the x' co-ordinate of the H+ atoms may be represented thus 
oj' = a + .4 sin (^Tcp^t). 

If we project this vibration upon the fixed co-ordinate system, it follows 
that 

/£C = £c' cos (27vp^t) = a cos (^irp^t) + A sin (^TrpQt) cos (2irj/,i) 

\y =s y' sin (2vpJ) = a sin (^irp^i) + A sin {2irpQt) sin (2vprt) 



for which we may also write 

( aj = acos (^rpyt) + ^sin 27 r(j/o+j/,.)^ + ^sin 27 r(vo'-p,.)i 

2 / = a sin (27r»/,i) - — cos 27r(j/o + v^)t -h ~ cos 27r(vo ^r)^* 

From the point of view of the system at rest we have thus three 
oscillations : 

(a) the left-circular oscillation 

a; = a cos (^^*'»*^|\with the frequency 
2 ^ = a sm (2irp^t)} 

(6) the left-circular oscillation 

the frequency PQ+Vr 


£c = £ sin 2Tr{pQ+p^)t 
y ^ - ^cos2ir(i/o-hi/y)itj 
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(c) the righfc-oiroular oaoillation 

A. 
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£C « sin 2Tr(i^i, ~ 

2/ w ^ COB 27r(f^o - ( 


Lwitli tho frequency 




217^, S, Imes, Astroph. Joura, 60, 261 (1919). 

218 A, Buchan, Bor, d. deutsoh. phys. Ges. 15, 1169 (1918). Buchen has 
liore, on aocounfe of tho aayminotrioal form of tho hydrogen molecule 
asHumed two difTeront momonts of inortia ’ 

Ji s® 0*9G . 10 •”'‘0, and /g «2’21 , 10~'>o 

and hence obtained two different floriea of numbers giving the revolutions 
pj, per HQOond, of. tlio table given there. See also the table in Rubens and 
Hettner, ho, oii., note 218. 

210 M, Plamk, Ann. d. Phys. 62, 491 ; 63, 241 (1917). 

220 0. Sackur, Ann. d. Phys. 36, 968 (1911) ; 40, 07 (1913). 

221 E. Tekode, Phya. Zeitsohr. 14, 212 (1918) ; Ann. d. Phys. 38, 434 
(1912). 

222 W. E. iiCaasow, Phys. Zeibsohr. 16, 696 (1914). 

228 4. Sonmerfeld^ VortrHgo liber die kinefcisohe Theorie der Materie 
und der Eloktrijdtat. Wolfakohl-Kongress in Gdbfcingon 1913. (Teubner, 
Leipzig and Berlin 1914), p. 126. 

224 P. Solisrrer, Gbtbingcr Naohr. 8 July, 1916. 

228 Af. Flanok, Berl. Bor. 1916, p, 068. 

226 W, Narmt, Die bheoretisohen und oxporimontellen Grundlagen des 
neuen WUrmesatzos. (W. Knapp, Hallo 1918), pp. 164 at seg^. 

227 0. Baohur, Ber. d, deutsoh. ohetn. Ges. 47, 1818 (1914). 

228 0, Siam, Phys. Zeitsohr. 14, 029 (1918) ; Zeitsohr, f. Blektroohemie 
25, 00 (1919). 

229 Por what follows of. tho paper by 0, Stern quoted in the last note. 
Purther, W, Emist, Die theoretisohen und experimenteUen Grundlagen 
dos neuen WUrmesatzes. (W. Knapp, Halle 1918), Oh. XIII. 

280 As regards this and the following chapter, the reader is referred for 
more exact details to the article of P. S, Bpstem in the Plcmck number 
of “ Naturwissensoliaften (1918, p. 280). 

23t As the simplest Thomson atom, we are to imagine a sphere of radius 
fl, filled with the unit charge e of posi- 
tive eleotrilioation, of space-density p, in 
the middle of which an electron with 
the charge - e rests. This structure is 
externally neutral. If we draw the 
electron out from the centre to a distanoe 
r (see Pig. 14) the external (shaded) 
hollow sphere exerts no force on the 
electron, according to tho well-known 
laws of eleotrostatios. The inner solid 
sphere of radius r, on the other hand, 
acts on the electron just as if its total 
charge were concentrated at the centre. 

The force which draws the electron back into its position of rest is 





JL 
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therefore, 



that is, it is proportional to the distance of the electron from its psition 
of ecLuilibrium. 

282 Of. also P. Drudey Lehrbuch der Optik. 2. Aufl., Ohs. V and VII 
(Hirzel 1906). There is an English edition of this work. 

233 Of. W. Voigty Magneto- und Elektro-optik (Teubner 1908). 

284 M. Planchy Ber. d. Berl. Akad. d. Wiss. 1902, p. 470 ; 1903, p. 480 ; 
1904, p. 740; 1906, p. 382. 

238 jBT. a. LorentZy The Theory of Electrons, Ojls, III, IV (Teubner 1909). 
236 The electron oscillates, when bound q^uasi-elastically, according to 

the ec^uation of motion = — fXy if we restrict ourselves to Zin^ar os- 

UtZ^ 

cillations. Here fn is the mass of the electron, a? is its distance from the 
position of rest, and / is a factor of proportionality. The solution of this 
differential equation is represented by the pure harmonic motion 
35 = cos {nt + 5) 

where the frequency is 

n - aJL, 

ym 

The frequency w is therefore, as we see, independent of the amphtude and 
therefore of the energy of vibration. 

287 The frequencies v of those spectral lines of luminous hydrogen, 
which are included under the name “ B aimer series,” may be represented 
with great accuracy by the following formula given by Bahner* 

V = JV (i W where n = 3, 4, 5, 6 . . . co . 

\2^ J 

N is here a constant, the so-called Rydberg number. If we set for the 
current number n the values 3, 4, 5 ... we get in succession the fre- 
quencies of the red line of hydrogen (H^j), the green line (H^), and the 
blue line (Hy) and so forth. 

238 J-. Starky Ann. d. Phys. 43 , 965 (1914) ; J. Stark and G, Wmdty ibid.y 
43 , 983 (1914) ; J, Stark and H. Ki/rschhatwiy ihid.y 43 , 991 ; 43 , 1017 
(1914) ; J, Sta/rky ihid.y 48 , 193, 210 (1915) ; /. Starhy 0. Ea/rdthe and O. 
Lieherty ihid.y 56 , 669 (1918) ; J. Stork, ihid.y 56 , 677 (1918) ; G. Lieberty 
ibid.y 66 , 689, 610 (1918) ; J. Stark and 0. HardthCy ibid., 58 , 712 (1919) ; 
J. Stwrky ibid., 58 , 723 (1919). 

239 Of. E. A. LormfZy The Theory of Electrons (Teubner, Leipzig and 
BerMn 1909), Oh. m. 

240 H. Geiger and Morsdew, Phil. Mag. April, 1913. 

241 JEJ. Eai-h&rf&rdy Phil. Mag. 21, 669 (1911). 

242 According to O. G. Darwin jPML Mag. 27, 606 (1914)], the radius 
of the nucleus, taken as a sphere, is in the case of gold at the most 
3 . 10 ”12 cms., in the case of hydrogen at the jnoat ~ 2 , 10~i8 oms. 
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« = 1). If a is the radius of the circle, v the velocity, and cu the angular 
velocity (frequency of rotation) of the electron in the circular orbit, then 
the condition for equilibrium between the attraction of the nucleus and 
the centrifugal force is 

fiW 

-- = or ma^ax^ := eE = e^z. 

According to Bohr's second hypothesis the moment of momentum 
^(^mva=>ma^ca) is a multiple of hence 

ma^oj = wA (74=1, 2, 3 . . ,). 

2ir 


Prom these two equations for a and w we get for the discrete radii of the 
permissible quantum orbits 


an = ■ 


(74 = 1, 2, 3 . . .) 


4:Tc^e'^zm 

and the corresponding frequencies of rotation 

The energy (kinetic + potential) is 

therefore the discrete quantum values of the energy are 


2a 




hH^ 


If, in this expression, we set 
Tf = - 


tA and a 
2a 



we recognise, that TTis a function of w, and hence of v = The energy 

of the electron in the Mutherford model therefore depends, as stated in 
the text, on its frequency of rotation v. 

If the electron passes from the wtb to the sth quantum path, then, ac- 
cording to Bohr's third hypothesis, a homogeneous spectscal line is emitted 
of frequency 

Wn - Ws 2n^e^mz^/l 1\ _ ^ 1\ 

h W 
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senting JEtydherg's number in terms of the universal constants e, h, m ; 
his result differed from that of Bohr only by a factor 8. He deduced his 
result as follows. Starting from /. /. Thomson's atomic model, which 
was generally accepted at that time, he calculated the maximum oscilla- 
tion-frequency (no. of revolutions) i/max of the electron in the simplest 
atom (hydrogen atom) for the case when this atom, provided with one 
energy-quantum, was circling just on the surface of the positive sphere. 
He obtained 


This maximum frequency was next identified by Haas with the series 
limit (n = 00 ) in Balmer's formula 


Then it follows that 



Wnaas = 


l^TT^e'^m 


which is a value 8 times greater than -^Bohr* used this relation to 

calculate from the three quantities, the Rydberg number Nt Blanch's 

constant h, and the ratio all of which he assumed known, the charge 

e of the electron. In consequence of the factor 8 he obtained the value 
^ • 10”^^, a value that is too small according to our present know- 

ledge, but which agreed well with the measurements of J. J, Thomson 
H. A, Wilson, which were available at that time. 
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sei Expressed in terms of polar oo-ordinates the kinetic energy L as- 
sumes the well-known form : 


L m '^(r^ + rV)- 

2a 


In it, w denotes the mass of the oleotron, the dots represent differentia- 
tion with rospeot to the time. The impulses and are then defined as 
follows (see note 48) : 

Pi ' » =a niT ; ~ « wr^. 

Zr ^ d<l> 

aea Only when each impulse Pi depends solely on the corresponding 

(or when it is a constant), and when, in addition, the limits of the 
phase-integral are independent of the g^’s, does the phase-integral work 
out to a constant. This is by no means the case for any arhitrajy ohoioe 
of the oo-ordlnato-system. 

263 P. 8, Bpskin, Ann. d. Phys. 60, 489 ; 61, 168 (1916). 

264 AT. SchwarMchildf Sitssungsher. d. Berl. Akad. d. Wiss. 4. Map 
1916, 

268 A, Bimtein^ Yerhandl. d. doutsoh, physikal. Qes. 19, 82 (1917). 

266 M*. Planoh^ Vorhandl. d, deutsoh, physikal. Gas. 17, 407, 488 (1916) ; 
Ann. d. Phys, 60, 886 (1916). 

267 The semi-major axis of the ellipse, which is oharaoterised by the 
values n and n\ here has the value 


The ratio of the axis is 


h n 
a “ n 


Wo see that n' » 0 corresponds to the case of Bohr's oiroular orbits. 

268 The energy of the oleotron moving in the K&pler ellipse (w, n') here 
has the value 


Wn 


27r^a^0^m Nhz^ 

*" %\n “ (w^ 

The series formula (102) of the text then follows from Bohr's Law of 
Frequency 


269 If aooount is taken of the influence of relativity, the series fonflula 
for the speotra of the Hydrogen type become to a first approximation 

I' “ >'0 + 


where 


*^0 


H 


[(TT??" (n + «')’] 
I «l 4 8 _ 4 




1 


xrxsii i uiv± ± 



In these expressions the symbols N and a have the following meaning : 

N = , . a = ^ ; <,2 is Of the order 5'3 . 10-5 

i..(i+5) >“ 

Wo is the mass of the electron at vanishingly small velocities. 

Hence whereas the first term vo formula, which was 

obtained by neglecting the influence of relativity, the small additional 
term vi represents the influence of relativity. As we observe, does not 
only depend on the quantum sums s + s' and -+* hut also on the 
individual values s, s', ?i, ?i'. This member, is thus responsible for the 
fine-structure. 

270 If we apply the formula of the preceding note to we have to set 
= 1, 5 + s' = 2, + n' = 3. We then get 



Fig. 16. 


Corresponding to the possibilities of partition 

s + «' = 2 = 2 + 0| circle | g orbits 
= 1-1-1/ ellipse J 

and 

n-fn' = 3 = 3 + 0'j circle \ 

= 2 + 1 • ellipse I 3 initial orbits 
= 1 -1- 2j ellipse ) 

(for dynamical reasons the azimuthal quantum number n cannot undei 
normal conditions assume a zero value), we should expect 2.3 = 6 
possibilities of production and hence 6 components of the fine-structure 
of JETa. One of these components, however, namely, the one correspond- 
ing to the transition of the electron from the circle (n = 3, w' = 0) to the 
ellipse (s = 1, s' = 1) does not present itself under normal conditions, ac 
follows from the “Principle of Selection*’ enunciated by Eubmowia 


r 


and Sommerfeld (see Chapter VI, §9). Hence 6 components of the 
fine-structure remain ; their position is exhibited in Kg. 15. 

As we see, the 6 components arrange themselves into two main groups, 
containing 3 and 2 members, respectively. The “missing” line Ila is 
dotted in. The distance Ai/k between Id and Ha, Ib and Ha, Zc and He is 
called the “ theoretical hydrogen doublet.” 

According to the above formula the frequency-number of the line 
la (3, 0-^2, 0) is 


The frequency-number of the line Ha (3, 0-»l, 1) is 

y — j^r -h ^ ^ - i"]. 


Thus 


Ay =y„ _ y, =^= 1-095.10“ 


o 

corresponding to AXh = 0*167 A. . 

The hydrogen-doublet actually observed is measured from about tne 
middle of la and Ib to the middle of Ilh and He, owing to the absence of 

ZZa. This leads to the value 0*8 a\h, that is, to 0*126A. 

According to a principle of correspondence enunciated by BoW (see 
Chapter VI, §9), as a result of which the azimuthal quantum number can 
only vary by + 1, the components Ib and JIc are also absent. 

271 F. FascUn, Ann. d. Phys. 50 , 901 (1916). 

272 Prom formula (97) of the text wo get for the two Rydberg constants 
for hydrogen and helium : 

Hh = - 




Nm — '-7 

Moreover, aoootding to note 269. we get the third formnta giving the 
value of the donstant for the flne-struoture ; 

2»e’‘ 

ho' 

From the tot two relations, by using Kue = iMn. we get 
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and hence 


e e Nn - iNiie 
MqC *” Mnc ‘ " 


The two Rydberg numbers Nr and iVne have been measured by Paschen 
with great accuracy ; 

Nn = (109677*691 + 0'06) . c 
Nile = (109722*144: i 0*04) . c. 


Moreover, 


= is the electrochemical equivalent [Faraday's num- 


^ Mij.c 

ber), that is, the charge which, in electrolysis, accompanies one gramme- 


atom (i.e. N ~ atoms). This number has the value 
Mh 


F = 9649*4 electromagnetic units. 


If we insert the three values of Nr, Nvie and — in the relation above 

Mu . c 


deduced, we get 


— = 1*7686 . 10'^ electromagnetic units, 
m„c 


a value which agrees very well with those values of this quantity which 
were obtained by direct methods (deflection of the cathode- and j8-rays ir 
the electric and magnetic field). Let us now write 


iVH 1+4^ 


or, using the value of given above, 
mh 


_ 3 * Nne 

4: Nh- \Nne 


The right-hand side of this equation is known. If we combine with i 


the value for — lust found, and also the value 

WftC 


a = ?^= 7-290.10-3 
he 


which follows from Paschen! s measurements of the fine-structure in th 
case of helium, we have three eq.uations in three unknowns e, } 
them we get 

e = (4*766 + 0*088) . lO"!® 

= ( 6*626 ± 0 * 200 ). 10 “ 27 . 


According to Sommerfeld it is more advantageous to use Millikan's vak 
for e. We then get 

fe == (4*774 ±0*004). 10 
J fe = ?6*646 ± 0*009) . 10-27 
U (7*295 + 0*006) . 10-*. 
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282 The number of revolutions of the electron per second in the <sth 
quantum oirole of Bohr is, in the case of hydrogen, according to note 247 : 


_ 

' 27r ' 


4:Tr^e^ni 




On the other hand, it follows from formula (93) of the text, if we take s 
considerably greater than 1 (high quantum numbers), and w = 5 + 1 
(transition between neighbouring circles), that 

2A4w (5 + 1)2 - 

i.e. 


V is of the order 


27r%^m 2a 
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two quantum states (1) and (2) of the atom, with the energi^ Mi ^2 
{E2> J^i). The number of iaansifeiOBS wM(^ take place mt^ 

time dt owing to radiatiomis then, aooor&g to Mrtstem, in 

which Na is the number of atoms ha Jhe sta% % m^, ther^oie, acKsmrd- 
ing to note 48 


y being the Agj is a facstc® of ]^pdr^onality. 
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The introduction of external monocliromatic radiation of freq^uenoy y 
and intensity firstly brings about positive absorption, that is, transi- 
tions 1 2. The number of these in the time dt is, according 


Einstein^ in which ^12 is a factor of proportionality, Ni is tHe 


number of atoms in the state 1, and hence 


_Ei 

= NC^^e JoT, 


Secondly, the external radiation also effects transitions 2 — > 1 (nega*** 
tive absorption). The number of these that occur in the time 


= N^B^iKvj where is a factor of proportionality. When the energy 


exchange is in equilibrium the number of transitions 2 1 must 

equal to the number of transitions 1 2, hence 


Tbe 


■5*2 -gg _ ^1 

+ NGp^e = NCjp^e kW^JK„dt 


Aq- 




T 5 ~ 

i^i-^12 . e - 1 

P2B21 


When the temperature increases indefinitely, Ki^ niust also increase "to 
infinitely great values ; from this it follows that 


I’inally, if we set = A for shortness, we get the relation given in tJae 
•^21 

text : 

Kv = 


=5 1, 

P2B21 


A 


E2 ~ El 
e kT -1 
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op To-day (Sixth Edition), 7s. 6d. 
net. Concerning the Inner Life 
(Fourth Edition), zs. net. 
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Vardon (Harry) 

How TO PUY Golf. llluatratotL 
tQth FMtion, CrotmBvo* $s*mL 
Waterhouse (EUasabeth) 

A Lrrri.g Hook of Lifb ai^ Death. 
uznd Edition. Email Pott 800. ai. 6 d. 
mt. 

Wilde (Oscar)* 

TheWorke. Ini6Vol8. Each6t,6d. 
mt , 

I. I^RD ARTHtm SAVH.a’a Crime and 
TOR Portrait of Mr. W. H. II. The 
D uaiMi OF Padua. UI. Poems. IV. 
Lady VVmrmRMRRK‘s Fan. V, A 
Woman of No Importance. VI. An 
iDRAL Husband. VII. 'Die Impor- 


tance OP Bbino Earnest. VIII. A 
House op Pomboranatbs. IX. In- 
tentions, X. Db Profundis and 
Prison Letters. XI. Essays. XU. 
Salome, A Florentine Tragedy, and 
Ijv Saints Courtisane. XI II. A 
Critic in Pall Mall. XIV. Selected 
Prose OP Oscar Wilde. XV. Art and 
Dhcoration. XVI. For Love op the 
Kino. (54?. net .) 

William II, (Ex-German EmperoJ^ 

My Early Life. Illustrated, vemy 
8«o. £i xos . net . 

Williamson (G, G.) 

The Book op Famillb Rose. Richly 
Illustrated, Demy ^.to. £8 8j. net. 


PART II. A SELECTION OF SERIES 


The Antiquary's Books 
Eaehi illuatrated, Dmy Sue. tot. 6<f. mt. 
A mrits of volumes dealing with various 
hranehta of EnglWi Antiquities, com- 
preheniive and popular, as well as 
acojrate and scholarly, 

The Arden Shakespeare 
Edited by W. J. Craio and R. H. CASE, 
Eafh, wide Dmy Sue. 61. mt. 

The Ideal Library Edition, In single 
playa, each edited with a full Introduc- 
tion, Textual Notes and a Commentary 
at die foot of the page. Now complete 
in 39 VoUr. 

Cdoimloo of Art 

Edited by J, M. W. Lainq. Each, pro- 
fusely illustrated, wide Royal Sue. isn 
mt ta Cz 31. mt. 

A Library of Art dealing with Great 
Artists and with branches of Art 

The ** Complete ’* Serlos 
JDewy 8t»o. Fully illustrated, si. net 
to I El. net each. 

A series of books on various sports and 
pastimes, all written by acknowledged 
authorities. 

The Cotinol«S0ur*« Library 

With tmmerms Ulustrathm, Wldt 
Royal Ht'o. Ci lu.^d. net each ml, 
EtmopBAN P:NAMia.E, Fine Books. 

OLASi. OaLOSMITHS* AND BILVBR- 

6MiTHg* Work. Ivories. Jewellery. 

MK350T1NTS. PORCELAIN. BEALS, 

The Bo's and Boot's Series ^ 

Stw. ai. hd. net each, 

Thia teri^, although only in Its in- 
fancy, is already famous, in due course 


it will comprise clear, crisp, informative 
volumes on all the activities of life. 
Write for full list 

The Faiths j Varieties of Christian 
Expression. Edited by L. P. Jacks, 
M.A., D.D., LL.D, Crown 800. 51. net 
each volume. The first volumes arc ; 
The Anolo-Catholic Faith (Rev. 
Canon T. A. Lacey) ; Modernism in 
TOR Knolish Church (Prof. P. Gard- 
nrr) ; ITffi Faith and Practice of the 
Quakers (Prof, R. M. Jones) ; 
Congrboationalism (Rev. Princ. W. B. 
Hrlbie) ; The Faith op the Roman 
CHURCn(Father C.C. Martindale.S.J.). 
The LIbratw of Devotion 
Handy editions of the great Devotional 
books, well edited. Small Pott 800, 
31. mt and 31. 6d. mt, 

Liltlo Books on Art 

Well Illustrated. Demy i 6 mo. Each 
51. mt. 

Modern Masterpieces 
P'ca{). Stx). 31. 6 d. each volume, 

Pocke table Editions of Worics by 
IIilaiub Belloc, Arnold Bennett, 
E. F. lUtNsoN, G. K. Chesterton, 
Joseph Conrad, George Oissing, 
Kenneth Grahame, W. H. Hudson, 
E. V. Knox, Jack London, E. V. 
Lucas, Robert Lynd, John Masefield, 
A. A. MiiJ’Jtt, Arthur Morrison, Eden 
Phillpotts, and R. L, Stevenson, 
sport Series 

Mostly Illustrated. Fcap. 8w. ai, net 
to 51. net each. 

Handy books on all branchej of sport by 
experts. 
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Methuen’s Half-Gro'wn Library ' 

Crown 8t;o and Fcap* 8vo. 

Methuen’s Two Shilling Library 
Fcap, 800, 

Two series of cheap editions of popular 
books. 

Write for complete lists 
The Wayfarer Series of Books for 
Travellers 

Crown 800. js. 6d. net each. Well 
illustrated and with maps. The vol- 
umes are : — ^Alsace, Czecho-Slovakia, 


The Dolomites, Egypt, Hungary, 
Ireland, The Loire, Provence, Spain, 
Sweden, Switzerland, Unfamiliar Japan, 
Unknown Tuscany. 

The Westminster Commentaries 
Demy 800. 8r. (id. net to 161. net. 
Edited by W. Lock, D.D., and D. 
C. Simpson, D.D. 

The object of these commentaries is 
primarily to interpret the author's mean- 
ing to the present generation, taking 
the English text in the Revised Version 
as their basis. 


THE LITTLE GUIDES 

SmcUl Pott 800. Illustrated and with Maps 


THE 6a VOLUMES IN 
Bedfordshire and Huntinqdonshirb 
4s. net. 

Berkshire 4^* net. 

Brittany 4s. net. 

Buckinghamshire 4f. net. 

Cambridge and Colleges 4s. net. 
Cambridgeshire 4r. net. 

Cathedral Cities of England and 
Wales 61. net 
Channel Islands sj. net 
Cheshire sr. net 
Cornwall 4s. net. 

Cumberland and Westmorland 6s. net 
Derbyshire 4s. net. 

Devon 41. net. 

Dorset sl 6d. net 

Durham 6s. net 

English Lakes 6s. net 

Essex s*- net 

Gloucestershire 4s. net 

Gray’s Inn and Lincoln’s Inn 6s. net 

Hampshire 4f. net. 

Herefordshire 45. 6d. net 
Hertfordshire 4s. net. 

Isle of Man 6j. net 
Isle of Wight 4s. net. 

Kl^ sr. net 

Kerry 4f.net 

Lancashirb 6f. net 

Leicestershire and Rutland sr- net 

Lincolnshire 6f. net 

London sr. net 


THE SERIES ARE 
Malvern Country 4s. net. 
Middlesex 4r. net. 

Monmouthshire 6f . net 
Norfolk 51. net 
Normandy ss. net 
Northamptonshire 45. net. 
Northumberland 71. 6d. net 
North Wales 6f. net 
Nottinghamshire 45. net. 

Oxford and Colleges 4s. net. 
Oxfordshire 4f. net. 

Rome 51. net 

St. Paul’s Cathedral 4f. net 
Shakespeare’s Country 4r. net 
Shropshire sr. net. 

Sicily 4j.net. 

Snowdonia 6f. net 
Somerset 4f. net. 

South Wales 4s. net. 

Staffordshire 55. net 
Suffolk 4s. net. 

Surrey 51. net 
Sussex 4j. net. 

Temple 4r. net. 

Warwickshire ss. net 
Westminster Abbey 51. net 
WaTSHiRB 6 j. net 

Worcestershire 6j. net^ 

Yorkshirb East Riding" sf. net 
Yorkshire North Riding 4J. net. 
Yorkshire West Riding 7s. 6d. net 
York 6f, net 


Methuen & Co. Ltd., 36 Essex Street, London, W.C.3, 






